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Abstract 
Manipulation of magnetic objects in fluids is a promising technology for many 
applications including targeted drug delivery, sorting and analysis of biological objects. 
Most prior work employed magnetic field gradients achieving limited control over 
assembly and manipulation of magnetic and non-magnetic micro-particles. However, 
many important questions related to magnetic manipulation technology remain open. One 
such issue is the controllability of positioning multiple objects during manipulation. 
Positioning controllability of even the simplest system such as a pair of spherical beads 
seems to have been largely ignored.  
The main goal of this thesis is to begin addressing the question of controllability 
of multiple magnetic objects during their manipulation. Although the ultimate 
applications may involve many multiple objects, only two spherical linearly magnetizable 
beads are considered in this thesis in order to identify important issues and potential 
problems. As a first step, the manipulation problem is formulated using only magnetic 
interactions between the beads and their interactions with a simple source of external 
field gradient, while neglecting hydrodynamic interactions between the beads. Newtonian 
behavior of the fluid is assumed and effects of boundaries are also ignored. Such a model 
is typical in magnetic separation literature. It is demonstrated theoretically that positions 
of the beads are locally controllable (in a linearized system) by using uniform field as the 
input only when the beads are sufficiently close to each other. This analysis clearly 
demonstrates that magnetic interactions between the different objects is not necessarily a 
nuisance, but could in fact help to control the system. It also reveals that controllability is 
possible only in close proximity to a source of gradient. Placing the beads in close 
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proximity to a source of gradient is not possible in many applications such as 
magnetically guided drug delivery. 
To circumvent difficulties with the gradients, the possibility of locomotion of the 
bead-pair system using only uniform magnetic field as the input is considered. The 
advantage of such a strategy is that the external magnetic field delivers energy for the 
movements of the beads but no net force. The inspiration for this comes from the motility 
of living organisms such as leukocytes and bacteria. It is known from previous work on 
swimming of living and artificial swimmers that hydrodynamic interactions play a critical 
role. For this reason, movement of beads subject to both, magnetic and hydrodynamic 
interactions is considered in the second part of this thesis. Using a simple model of 
hydrodynamic interactions, it is demonstrated theoretically that the beads can move as a 
pair in any desired direction and their final positions are completely controllable using 
only uniform magnetic field. Subsequently, the thesis focuses on experimental 
demonstrations of locomotion of a pair of beads using two different types of experimental 
set-ups. In one, the magnetic beads are suspended in a non-magnetic fluid using thin 
threads. In the other, a pair of non-magnetic beads is suspended in a magnetic fluid 
(ferrofluid). Locomotion is demonstrated experimentally in both test-beds. In fact, it is 
also shown that in the second system, where the beads are suspended magnetically, the 
direction and magnitude of locomotion agrees quantitatively with the proposed 
theoretical model. 
Thus, the main novel and useful contribution of this thesis is that it demonstrates 
using both, theoretical analysis and experimental validation, that positions of beads in a 
pair can be controlled to a significant extent using only uniform magnetic fields. On the 
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one hand, this suggests future strategies by which positioning of more than two objects 
could possibly be magnetically guided and controlled. On the other, the work carried out 
in this thesis is likely to find direct applications even if it proves difficult to control more 
than two objects. One of the most exciting of such applications involves movements of 
two objects inside the body for the purpose of delivery of drugs, therapies, minimally 
invasive surgeries and others. Although the work carried out in this thesis is only the 
beginning for such medical applications, the results obtained so far offer a significant 
hope of success.  
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1. Introduction 
 
 Manipulation of colloidal objects in fluids is a promising mechanism for sorting 
and separation of biological objects [1, 2, 3], drug delivery [4] and for minimally invasive 
surgeries [5]. Object manipulation also opens the door for heterogeneous ‘lab-on-a-chip’ 
micro-systems [6], where general functionalities can be automated and integrated onto a 
chip. Such processes, typically, rely on the physical manipulation of fluids. Small 
spherical beads can be used to manipulate fluids in these applications in order to filter, 
separate, mix, and transport them, on a sub-millimeter scale. 
There are two comparable widely used methods for manipulation of objects in fluids, 
namely,  
• Manipulation by means of electric field gradients, called dielectrophoresis [7] 
• Manipulation by means of magnetic field gradients, called magnetophoresis [8]   
The use of electric fields for manipulation of materials has been used extensively 
[9, 10, 11]. However, among its many limitations is complexity; for example, the need 
for complex wiring and circuitry involved in electrical circuits. Another disadvantage of 
the dielectrophoresis based systems is that many undesired biological and chemical 
processes may be triggered by the applied electric fields [12, 13].  
Magnetic fields, on the other hand, provide a safe solution to these problems 
because they have greater selectivity and can permeate uninhibited through most 
mediums, particularly liquids and gases [14, 15]. In many cases, forces that can be 
applied by magnetic field gradients are substantially larger than those due to electric field 
gradients. Due to these advantages, there is an increasing interest in the use of magnetic 
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fields for separation of colloids. This fact also provides many attractive possibilities in 
biomedicine (as illustrated in Figure 1-1) like (i) magnetic separation of biological 
entities [16] (ii) therapeutic drug, gene and radionuclide delivery [17, 18] (iii) radio 
frequency methods for the catabolism of tumors via hyperthermia [19, 20, 21, 22] (iv) 
contrast enhancement agents for magnetic resonance imaging [23, 24], and (v) magnetic 
cytometry and bio-sensing applications [25, 26, 27]. A review of these applications is 
presented very briefly in the next section.  
 
1.1 Magnetic Particles in Biotechnology 
Magnetic beads are available in varied sizes, and we can choose sizes that are 
comparable to those of the following dimensions: cell (10–100μm), a virus (20–450 nm), 
a protein (5–50 nm).This makes magnetic particles a natural choice for applications in 
life sciences. To begin with, magnetic particles can be coated with biological molecules 
to make them interact with or bind to a biological entity [28, 29, 30], thereby providing a 
controllable means of ‘tagging’ or addressing them. For example, magnetic particles 
coated with immunospecific agents have been successfully bound to red blood cells [31], 
lung cancer cells [32], bacteria [33], urological cancer cells [34] and Golgi vesicles [35]. 
Second, magnetic particles can also be manipulated by an external magnetic field. This 
‘action at a distance’, combined with the intrinsic penetrability of magnetic fields into 
human tissue, opens up many applications involving the transport and/or immobilization 
of magnetic particles. In this way they can be made to deliver a package, such as an 
anticancer drug [36], or a cohort of radionuclide atoms [37], to a targeted region of the 
body [38], such as a tumor. Third, the magnetic particles can be made to resonantly 
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respond to a time-varying magnetic field [39], with advantageous results related to the 
transfer of energy from the exciting field to the particle. For example, the particle can be 
heated up, which leads to their use as hyperthermia agents [40, 41], delivering toxic 
amounts of thermal energy to targeted bodies such as tumors; or as chemotherapy [42] 
and radiotherapy enhancement agents, where a moderate degree of tissue warming results 
in more effective malignant cell destruction [43, 44]. Lastly, in biomedical applications, it 
is often advantageous to separate out specific biological entities from their native 
environment in order to ensure that concentrated samples may be prepared for subsequent 
analysis or other use. Magnetic separation using biocompatible particles is one way to 
achieve this. It is a two-step process, involving (i) The tagging or labeling of the desired 
biological entity with magnetic material, and (ii) the separating out of these tagged 
entities via a fluid-based magnetic separation device. 
 23
 
Figure 1-1: Applications of magnetic particles in the field of biotechnology, 
biomedicine 
So far, we have discussed in particular, magnetic separation, drug delivery, 
hyperthermia and radiotherapy enhancement, although these are only four of the many 
biomedical applications of magnetic particles that are currently being explored. For 
example, research is being conducted into magnetic twisting cytometry, a process in 
which ferromagnetic microspheres are bound to specific receptors on a cell wall. 
Changing the direction of an applied magnetic field twists the micro-sphere by a 
measurable amount, which can then be related to the mechanical properties of the cell 
membrane and cytoskeleton [45, 46]. Magnetic particles are also being tested for tissue 
engineering applications, for example, in the mechanical conditioning of cells growing in 
culture [47, 48]. Another example is magnetic bio-sensing [49, 50, 51, 52, 53]; using 
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magnetic particles coupled to analyte-specific molecules to detect target molecules via 
the cross-linking between coatings and the resultant aggregation of the magnetic 
particles, monitored by changes in proton relaxation times on a bench-top nuclear 
magnetic resonance system. We next provide motivation for our work followed by an 
overview of the thesis. 
 
1.2 Background on Magnetic Manipulation  
In the above section, we have seen some important applications of magnetic beads 
and most of the applications involve manipulation of magnetic beads in the human body. 
Magnetic manipulation is based on the motion of magnetic objects due to magnetic 
forces. There are different ways in which one can generate a magnetic force [54] on 
magnetic objects. First, we consider a single dipole. When the dipole is placed in a 
spatially uniform field, the two poles experience equal forces in opposing directions, 
leading to a torque, but zero net force on the dipole as illustrated in Figure 1-2.  
 
Figure 1-2: Single dipole experiencing no net force in uniform magnetic field 
 
In order to obtain a net force on a single dipole, we need to provide magnetic gradient as 
illustrated in Figure 1-3. The force on a magnetic dipole [54] can be expressed according 
to Equation 1.1.  
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( )HmF rvr ∇⋅= 0μ       (1.1) 
where 0μ  is a constant of proportionality denoting the magnetic permeability of free 
space, mv  is the magnetic moment of the dipole, subjected to an applied magnetic field 
gradient, H
r
∇ . As seen from equation 1.1, the direction of the force is determined by the 
direction of the applied gradient as well as the magnetic moment orientation. 
 
Figure 1-3: Single dipole experiencing net force in spatially varying magnetic field 
 
Thus, the main factors which are responsible for the force on a magnetic dipole are: 
• The particle’s magnetic moment ( mv ) 
• The magnetic field gradient at the position of the dipole ( H
r
∇ ) 
By controlling these two factors, researchers have explored the gradient-based magnetic 
manipulation for many biomedical applications.  
Magnetic forces can also be applied to one dipolar particle by another. In this 
case, the forces applied to each dipole are equal and opposite. The direction of this 
magnetic interaction force depends on the orientation of the dipole moments relative to 
the line between the centers of the dipolar particles. When the dipolar moments are 
perpendicular to the line between the centers, the dipoles repel as illustrated in Figure 1-
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4. When the moments are along the line between the centers, the dipoles attract. For 
intermediate dipole orientations, magnetic interaction forces can act at different angles 
with respect to the line between the centers. The magnitude of the interaction force 
depends on the strength of the magnetic moments and on the distance between them. The 
pair, however, does not experience a net magnetic force due to such interactions. This 
interaction is a key element to the magnetic motion demonstrated in the second half of 
this dissertation, in particular, Chapters 3 and 4.   
 
Figure 1-4: Two dipoles experiencing equal and opposite force in uniform magnetic 
field due to interactions 
 
An important issue which seems to be largely ignored in previous work is the 
controllability of the external gradient based magnetic manipulation for positioning of 
multiple particles. Majority of the work in this field has focused on attracting small 
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magnetic particles to large magnets [55, 56]. This mechanism was primarily designed to 
capture as many particles as possible with little concern over controlling the order and 
position of each particle. In some applications, however, one may be interested in 
controlling a number of colloidal magnetic objects using the smallest possible number of 
external parameters such as the uniform magnetic field strength.  
Second important issue with the gradient-based approaches is the difficulty of 
creating sufficiently large gradients in some applications. High gradients can be easily 
created in “lab-on-chip” type applications, for example. However, creating them in the 
human body by external magnets is difficult. Hence, there is a need to develop alternative 
minimally invasive non-gradient based magnetic guidance techniques. 
In this research, we provide solution to these issues by showing that, in the 
presence of magnetic interactions and a gradient field; we can obtain local controllability 
for a magnetic manipulation system consisting of two unattached beads. Further, we 
show that by controlling hydrodynamic interactions, locomotion of two unattached 
magnetic objects in fluids is possible in the absence of gradients, by only applying a 
uniform external magnetic field of time-varying magnitude and direction. We derive an 
analytical model for controlled locomotion and explain the conditions under which we 
can obtain swimming. Further, we supplement our theoretical model with experimental 
results.  With the theoretical and experimental work demonstrated in this thesis, we are 
providing the first step to magnetic manipulation in a uniform field. 
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1.3 Thesis Organization and Overview 
The goal of this thesis is to analyze the controllability of magnetic manipulation 
systems (gradient and non-gradient based approaches) and to provide a theoretical 
framework to obtain locomotion of multiple (specifically two) magnetic objects in fluids 
using uniform external magnetic fields. This involves complex non-linear modeling, 
analysis, and design of a magnetic swimmer based on the theory developed. The outline 
of the thesis is as follows: 
In Chapter 2, we discuss the aspects of controllability of a two-bead gradient 
based magnetic system. Beads in this formalism are treated as linearly magnetizable 
dipoles. The evolution of their magnetic moments and positions which represent the 
internal state of the system is described by a set of coupled first-order differential 
equations. The external uniform magnetic field is viewed as the system’s input. The 
controllability matrix for this locally linearized system is derived analytically and 
evaluated at various initial states. It is observed from the tests that the highest level of 
control is obtained when the beads are close to each other and are in the vicinity of the 
permanent magnet. This leads to a somewhat counter-intuitive result that magnetic 
interactions in fact help in obtaining control. 
This remarkable result that magnetic interactions aid in control forms the basis of 
Chapter 3. Here, a system of two beads without a permanent magnet is considered. One 
of the assumptions in the system of Chapter 2 was the absence of hydro-dynamic 
interactions. In Chapter 3, this assumption is relaxed and hydro-dynamic interactions are 
included in the model. The interactions are modeled using Oseen’s linearized equations 
of motion [57, 58]. The local controllability tests reveal that the system is controllable in 
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the presence of magnetic and hydrodynamic interactions. This justifies the removal of the 
gradient producing permanent magnet. From this result, we proceed to the controlled 
locomotion of multiple magnetic objects. Using the models described in Chapter 3, we 
provide an analytical approach to show that two magnetic beads of different diameters 
can swim by uniform external magnetic field. We show several theoretical examples of 
swimming for a simplistic system consisting of two interacting magnetic beads.  
In Chapter 4, we describe the experimental set-up and analyze the experimental 
demonstrations that were carried out to test locomotion in the designed system. We state 
the challenges in each set-up, and compare the experimental results with the theoretical 
model developed in Chapter 3.  In this section, we are able to show that swimming 
between two beads is, in fact, possible. 
Finally, Chapter 5 concludes the thesis, by summarizing all the research work and 
provides brief remarks on the future directions for this research and the contributions of 
the work. 
 
1.4 Dissertation Contributions 
In this thesis, the scientific contributions are divided in two broad categories: 
theoretical and experimental. In each category, there were remarkable results which 
provide the framework for further study of controlled locomotion of magnetic objects in 
fluids.  
 30
1.4.1 Theoretical Contributions 
• We are the first group to perform local controllability analysis for a two-bead 
gradient based magnetic manipulation system.  We show that, in principle, this 
system of 6 degrees of freedom (positions of the beads) can be locally controlled 
by only 3 inputs (magnetic field components) [59, 60].  
• We developed the theoretical locomotion model for a non-gradient based 2-bead 
magnetic locomotion system using only interactions (both magnetic and 
hydrodynamic) and demonstrated several swimming examples using simulation. 
• We are the first group to show that this unattached two-bead magnetic locomotion 
system can be globally controlled.  
1.4.2 Experimental Contributions 
• We constructed multiple experimental test-beds in order to investigate locomotion 
of magnetic objects in fluids. These test-beds include the combination of magnetic 
beads and non-magnetic fluid, and the combination of non-magnetic glass beads 
and magnetic fluid (ferrofluid).  
• We are the first group to show experimentally that a system of two unattached 
beads of different diameters can indeed swim in a uniform magnetic field. 
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2. Gradient Based System of Two Beads Without 
Hydrodynamic Interactions   
 
2.1 Overview 
In this Chapter, we investigate the aspects of controllability of a conventional 
gradient based magnetic system consisting of two equal sized magnetic beads. The 
purpose of this investigation was to answer two important questions; firstly, to find out 
whether a conventional system such as this is indeed controllable by using just uniform 
fields as input. Secondly, if the system is controllable, to what extent is the system 
controllable and what the key factors leading to controllability are.  
We first model the overall forces acting on the system. Specifically, we compare 
the effects of forces that are typically seen in colloidal systems such as magnetic and 
hydrodynamic forces. The model calculates the external magnetic fields applied to the 
system, including fields produced by the permanent magnet and uniformly applied 
external field. Using the external field data, the magnetic moments of each bead are 
determined self-consistently, taking care to include the field perturbations due to the 
other bead. Once the magnetic fields, field gradients, and bead moments are known, the 
magnetic forces acting on both beads in the system are determined. These magnetic 
forces can be equated to the hydrodynamic drag force in order to obtain the equations of 
motion. These equations are described by a set of coupled first-order differential 
equations which represent the internal state of the system. The external uniform magnetic 
field is viewed as the system’s input. Since the relation between the state and the input in 
this system is non-linear and its controllability is difficult to analyze, we focus on a 
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simpler problem of local controllability as a starting point. Local controllability can be 
used to predict the possibility of achieving any desired small deviation from bead 
trajectories obtained for fixed external fields. Linearization is employed to describe the 
evolution of the bead’s state around any given initial state in order to investigate the 
possibility of local controllability. The controllability matrix for this locally linearized 
system is derived analytically and evaluated at various initial states. 
Computer simulations have been implemented in both Maple and MATLAB. 
Analytically intensive simulations were carried out in Maple in order to take advantage of 
Symbolic Toolbox. For more intensive numerical computations and control theory related 
modeling, MATLAB was chosen as a convenient and optimized environment.  
 
2.2 Coupled Equations for Evolution of Bead’s Positions  
The system of interest that we are going to investigate in this section is illustrated 
in Figure 2-1. It consists of two spherical magnetic beads suspended in a fluid and placed 
on top of a permanently magnetized micro-magnet. The field produced by the micro-
magnet is approximated as the field due to a single isolated magnetic pole. The spherical 
beads are treated as linearly magnetizable dipoles. In this approximate model, 
randomizing effects of Brownian motion and hydrodynamic interactions are neglected.  
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Figure 2-1: Magnetic manipulation system illustration 
 
The equations of motion described in this section will be used to check 
controllability of two same-sized interacting magnetic beads using minimum number of 
external inputs. In deriving these equations, beads are treated as point dipoles whose 
magnetic moments mr  are proportional to the fields at their centers according to: 
111 3
3 HsHVm
rrr
=
+
=
χ
χ ,        222 3
3 HsHVm
rrr
=
+
=
χ
χ         (2.1) 
where χ  is the bead’s susceptibility, V  is their volume, 1H
r
 and 2H
r
 are the magnetic 
fields of beads 1 and 2, and 1m
v  and 2m
v  are magnetic moments of the beads 1 and 2 
respectively.  
In practice, however, the magnetic beads used in experiments are not true dipoles. 
Typically, they consist of a large number of single-domain magnetic particles embedded 
in a polymer matrix, and the magnetization through the entire particle may not be 
uniform. However, as a reasonable approximation, the particles are assumed to be 
uniformly magnetized, since the individual magnetic particles inside the bead are not in 
direct contact with one another. In this scenario, spherical beads can be modeled as point 
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dipoles, because the field due to a uniformly magnetized sphere behaves exactly like the 
field due to a point dipole at the center of the sphere. 
2.2.1 Effects due to Permanent Magnet 
Next, we model the field due to the permanent magnet. Here we ignore the effects 
of size and domain pattern of the permanent magnet and approximate its field as the field 
due to an isolated point magnetic pole located at the origin [59]: 
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R
RqRh
rrr
π
=                                        (2.2) 
where q is the pole strength and R
r
 is the position vector of a point where the field is 
evaluated. 
2.2.2 Effects due to Magnetic Interaction 
Using magnetic field data from the permanent magnet and externally applied 
uniform field, the field gradients and dipole moment of the bead can be calculated and the 
force determined. This calculation is simplified when only one bead is present, or when 
the field produced by the other bead is neglected. However, when the field from other 
bead is significant, such as when two beads are within one bead diameter of each other, 
the situation becomes more complicated. Each bead produces its own magnetic field and 
field gradients that apply force on the other bead in the system as illustrated in Figure 2-
2.  
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Figure 2-2: Two interacting beads experiencing equal and opposite force 
 
This situation is further complicated if the magnetic moments of the bead is 
allowed to vary both in magnitude and orientation. It is clear that the magnetic moments 
of all the beads are interrelated, so the problem must be solved self-consistently, meaning 
that the magnetic moment equations for both the beads must be solved simultaneously as 
a linear set of 6 equations with 6 unknowns. As a result, the equation for the external 
field at the location of the each bead must be modified to account for the fields produced 
by the other bead in the system [60], as defined in Equation (2.3)  
12)( HRhUH n
vvvrr
++=      (2.3) 
where the bead’s magnetic interaction fields are given by: 
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indices k and n represent particles 1 and 2 interchangeably and the first index indicates 
the bead responsible for the field, while knkn RRR
rrr
−= is the vector from the kth bead to 
the nth, nH
r
is the total magnetic field at the center of the nth bead, while )(Rh
vv
 is the field 
produced by the permanent magnet and U
v
 is any applied external applied field at the 
location of the nth bead and 12H
r
 is the bead interaction field.  
The bead’s magnetic moments are obtained self-consistently given the external 
uniform field and the permanent magnet’s field from the following two coupled linear 
equations derived from (2.1-2.4): 
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  (2.5) 
In Equation (2.5), I~ is the identity matrix, and nA
~  is the interaction matrix 
accounting for the field interactions between all both the beads in the system in Cartesian 
coordinates. Matrix nA
~ I~  is subtracted from the matrix nA
~  in order to reflect basic 
physics, which does not allow the bead’s intrinsic moment to enhance its own field.  
This equation is typically re-arranged to solve for the unknown moments by 
inverting matrix nA
~  and multiplying it by the external field. This matrix inversion 
approach is a convenient tool for self-consistently modeling the interactions of multiple 
objects for systems of relatively few beads (in this case two).  
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           (2.6) 
 
 
 
2.2.3 Magnetic Force 
After the magnetic moments of the beads are found, the force on each bead can be 
computed using Equation (2.7). The magnetic force on each bead is derived by the 
following differentiation [54], where magnetic moments are treated as constants: 
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where n∇ denotes the gradient operation with respect to the position of the n
th bead and 
0μ  is the permeability of free space.  
 
2.3 Hydrodynamic Drag Force  
Both short and long range forces act on colloidal objects in suspension. Forces 
due to gravity and hydrodynamics can be classified as long-range forces whereas forces 
due to Van der Waals interactions [61] can be classified as short-range forces. In our 
description, we neglect gravitational forces acting on the beads because they are 
substantially weaker than the magnetic forces applied by the permanent magnet. Further, 
Van der Waals forces are also neglected in this simplified model. 
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Hence, only magnetic force and hydrodynamic drag force will be accounted for in 
computing bead trajectories through a fluid. The hydrodynamic drag force is a viscous 
reaction by the fluid to the momentum change imparted by a moving object. In our 
model, the Stokes’ law for hydrodynamic drag force [57] will be used. Although this 
approximation is only accurate for small bead dimensions and low flow rates, it is a 
reasonable assumption for the conditions used in models and experimental investigations 
[62]. The Stokes’ drag force on a bead moving at a relative velocity with respect to a 
stationary fluid is given by:  
t
R
aRF nndrag ∂
∂
=
rrv
πη6)(      (2.8) 
where η is the kinematic viscosity of the fluid and a is the bead radius. Inertial forces 
related to bead acceleration are typically many times smaller than magnetic and viscous 
drag forces. Hence, the equation of motion for each bead is obtained by neglecting the 
particle’s acceleration and equating the magnetic force on it to the fluid drag force: 
n
n
ndrag Ft
R
aRF
rrrv
=
∂
∂
= πη6)(                      (2.9) 
This motion is laminar and slow in the sense that the Reynolds number [63] is less than 
unity; the Reynolds number being defined as 
η
LVs
=Re  , where sV  is the fluid velocity 
and L is the smallest length scale entering the problem which in this case happens to be 
the bead radius. 
 Equation (2.9) represents two coupled first-order differential equations (n = 1, 2) 
which describe the evolution of the bead’s positions. The coupling of these equations is 
due to magnetic interactions described by equations (2.3) and (2.4). Although 
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hydrodynamic interactions between beads and the fluid can play a role in its motion, they 
are ignored in this simplified model. We will include them in the modified model which 
is explained in Chapter 3. 
 
 2.4 Local Linearization and Controllability 
The next goal is to investigate the controllability characteristics of the complex 
system described above. The perturbation equations provide the most common approach 
to studying the properties and behavior of a nonlinear system in the neighborhood of a 
known nominal solution. In general, controllability requires existence of input U
r
as a 
function of time that can take the system from any initial state (position in this case) to 
any final state within finite time. Proving the existence of such an input for non-linear 
systems, such as the one considered here, is challenging. In this Chapter, we first address 
a simpler question: Can we control small deviations from a given particle trajectory? The 
linearization of equations (2.9) is obtained to answer this question. Linearizations 
simplify the analysis and design of a system and are used as long as the results yield a 
good approximation to reality. For example, a linear relationship can be established at a 
point on the nonlinear curve if the range of input values about that point is small and the 
origin is translated to that point. The controllability of the resulting linear system is a 
much simpler question that can be addressed using the generalized Taylor series [64] 
formalism as shown below. 
The first step towards analyzing controllability is to recognize the nonlinear 
component and write the nonlinear differential equation. We linearize a nonlinear 
differential equation for small-signal inputs about the steady state solution when the small 
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signal input is equal to zero. This steady state solution is called equilibrium and is 
selected as the second step in the linearization process.  
If we assume a nonlinear system operating at point A )](,[ 00 xfx  as in Figure 2-3, 
small changes in the input can be related to changes in the output about the point by the 
way of the slope of the curve at the point A. Thus, if the slope of the curve at point A is 
0dx
df , then small excursions of the input about point A, xδ , yields small changes in the 
output, )(xfδ , related to the slope at A. Thus, 
)(|)()( 000 xxdx
dfxfxf −≈−     (2.10) 
from which, we obtain 
x
dx
dfxf δδ 0|)( =  and xdx
dfxfxx
dx
dfxfxf δ00000 |)()(|)()( +≈−+=    (2.11) 
 
 
Figure 2-3: Linearization of a nonlinear curve [65] 
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This relationship is shown graphically in Figure 2-3, where a new set of axes, 
xδ and )(xfδ , is created at the point A, and )(xf  is approximately equal to )( 0xf , the 
ordinate of the new origin, plus small excursions, x
dx
df δ0| , away from point A.   
2.4.1 Linearization of Nonlinear Equations 
The equations for a continuous-time nonlinear dynamic system take the form 
).),(),(()( ttutxftx =&  Suppose that a nominal input )(tun  and the resulting nominal state 
)(txn  are known, i.e.  
).),(),(()( ttutxftx nnn =&       (2.12) 
A solution is desired for another input )(tu which is slightly different from )(tun , 
)()()( tututu n δ+= . Let the resulting state be xtxtx n δ+= )()( . If xδ  can be determined 
approximately, then an approximate solution for )(tx  will have been found. This is 
accomplished as follows:  
),,()()()( tuuxxftxtxtx nnn δδδ ++=+= &&&    (2.13) 
The Taylor series expansion of the nonlinear function f can be utilized provided 
the indicated derivatives exist: 
ufxftuxftuuxxf nunxnnnn δδδδ 00),,(),,( ∇+∇+≅++   (2.14) 
This approximation assumes xδ and uδ are sufficiently small so that the squared terms 
and product terms 2ixδ , 2iuδ , uxδδ  are negligible. By assumption, ).,,()( tuxftx nnn =&  
Canceling these terms leaves a linear differential equation for xδ : 
ufxfx nuxx δδδ ∇+∇=&     (2.15) 
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Rewriting the equations of motion of our magnetic system in the above Taylor 
series form, we get ),,,,( qaHRRFR extknnn
vvvv&v
= where a is the bead radius, q is the 
magnetic pole strength and extH
v
 is the externally applied uniform field. Denoting small 
deviations in the bead’s position by nr
rδ , kr
rδ  and small changes in the input by urδ , the 
following coupled differential equations can be obtained from equation (2.9) by 
neglecting  terms of order higher than kn RR
vv
, and ur : 
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Since a and q are constants, their differentials will be zero. Using perturbation analysis, 
we obtain the following expression:  
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 can be viewed as matrices whose entries are derivatives 
of the Cartesian force components with respect to various Cartesian components of 
vectors nR
r
, kR
r
, and U
r
, respectively. The above equation can be written in a state-space 
matrix form as follows: 
uBrA
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rd rrr ~~
+=                               (2.18) 
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where [ ]Tkn rrr rrr ,= is a column vector of all Cartesian components of the bead’s positions 
and 
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It is well-known that system (2.18) is controllable if and only if the following 
controllability matrix is full rank [63]: 
[ ]BABABABC N ~~~~~~~~ 12 −= L                    (2.19) 
where N is the number of independent degrees of freedom the state has. In our case, N=6. 
Sometimes the controllability rank test can be numerically unstable. Hence, in order to 
find out the extent of controllability, we use the condition number of the controllability 
matrix instead of its rank to determine controllability. The condition number p is a 
measure of stability or sensitivity of the controllability matrix. It is defined as the ratio of 
the largest maxω  to the smallest minω  singular values of the matrix, i.e.:  
min
max
ω
ω
=p , ( )TCCeigenvalue ~~maxmax =ω , and ( )TCCeigenvalue ~~minmin =ω       (2.20) 
As the condition number increases, the system is more difficult to control.  
 
2.5 Simulation Parameters 
In simulations, the magnetic particles were assumed to have magnetic 
susceptibility of 2.5, a typical value for commercially available magnetic particles, and 
the diameter of 100 μm. In calculating the magnetic pole strength 
0μ
r
r
DAq = , the 
permanent micro-magnet was assumed to have a cross section area rA  of 100 μm by 100 
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μm and a remnant magnetic flux density rD  of 1.0 Tesla. The magnetic susceptibility of 
the surrounding fluid was taken to be zero. This is a reasonable approximation for water, 
which is weakly diamagnetic.  
 
2.6 Discussion of Results  
The controllability matrix C~  in (2.19) was evaluated numerically using analytical 
expressions for matrices A~  and B~  obtained using equation (2.18). In doing so, equation 
(2.19) was solved and used for evaluation of force in equation (2.17). The resulting 
analytical expressions are far too lengthy to be listed explicitly. However, they were 
confirmed using symbolic algebra in Maple software and by numerical evaluations of the 
derivatives.  
The controllability matrix was evaluated this way over a mesh of different bead 
positions and for different directions and values of the uniform magnetic field. Examples 
of the maps of the inverse of the condition number for the controllability matrix are 
shown in Figures 2-4, 2-5 and 2-6. It was observed that the controllability matrix was full 
rank and the condition number was below 20 when both beads were within about 3-4 
diameters away from the magnet. This indicates that controllability is achieved due to the 
interaction between the beads. Such a conclusion agrees with the intuition that 2 
independent beads can not be controlled using the same external uniform field. At the 
same time, it is remarkable and not at all obvious a priori that controllability can be 
achieved through bead interactions.  
 
 
 45
 
Figure 2-4: Controllability Map of the 2 bead system when the beads remain above 
the permanent magnet at a height of 1 radius.  An external field is applied in -x 
direction. Distances are measured in 0.2 bead radii. 
 
Interestingly, as illustrated in Figures 2-5 and 2-6, the condition number behaves 
in a non-monotonic fashion as a function of distance between the beads. If we accept that 
bead interaction is needed for controllability, this non-monotone behavior is intuitive. 
Indeed, when beads are far away from each other, controllability should be poor. On the 
other hand, when the distance between the beads is much smaller than their average 
distance to the micro-magnet, both beads are subject to nearly identical total fields and 
behave as one. For this reason, controllability over 6 degrees of freedom is lost again. 
Another interesting point revealed by the simulations is that the magnitude of the uniform 
field should be on the order of the field experienced by the particles due to the micro-
magnet. This is natural because, when the uniform field is much larger than the micro-
magnet field, the bead’s magnetic moments align mostly along the uniform field and 
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can’t be tuned separately.  
 
Figure 2-5: Controllability Map of the 2 bead system when the beads remain above 
the permanent magnet at a height of 1 radius.  An external field is applied in –y 
direction. Distances are measured in 0.2 bead radii. 
 
 
Figure 2-6: Controllability Map of the 2 bead system when the beads remain above 
the permanent magnet at a height of 4 radii.  An external field is applied in –y 
direction. Distances are measured in 0.2 bead radii.  
 47
2.7 Conclusion 
In conclusion, we have demonstrated theoretically that the movement of two 
beads in fluids in the presence of a permanent magnet can be locally controlled via a 
uniform external magnetic field. Such local controllability can be used to correct bead 
movement and may be particularly important around positions of zero magneto-static 
force. We also found that controllability increases as the separation between the beads 
reduces indicating that interactions aid in control. Although, we were able to show that 
the local controllability theory we developed is applicable to a two-bead system, it is not 
yet clear whether this controllability theory can be extended to more than two particles. 
However, since the source of the enhanced local controllability has been demonstrated to 
be the magnetic interactions amongst the beads, we expect our results to generalize for a 
large number of beads. Future research and investigation is needed to extend this theory 
to more than two beads. 
In the next chapter, we will remodel the system by including hydrodynamic 
interactions and check its effects on controllability of the new modified system. 
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3. Theory of Locomotion in Uniform Fields 
 
3.1 Overview 
In the previous chapter, we considered magnetic gradients and the magnetic 
forces experienced by the beads. We also found that magnetic interactions help in 
obtaining better control. Based on these findings, we should include hydrodynamic 
interactions too in our model. This will help us to completely get rid of gradients and use 
only uniform fields as our system input.  
In this chapter, we investigate the hydrodynamic interaction effects on beads 
immersed in a viscous, fluid medium. Since our main goal is to control the beads without 
magnetic gradients, we remove the permanent magnet is this set-up. We incorporate the 
previously relaxed hydrodynamic interaction in our model and check the controllability 
of this non-gradient based magnetic system. Once we find that two-bead system is locally 
controllable, we remodel the system, and demonstrate global controllability for the 
system. In order to demonstrate global control, we first show that using bead interactions 
coupled with the hydrodynamic interaction due to the fluid, we can obtain a synchronized 
unbounded net translation of the system which can be termed ‘swimming’. We explain 
conditions under which swimming is and is not possible, through the use of several 
simulation examples of swimming profiles. Also, we provide analytical solutions of the 
input force and field profiles required to obtain swimming motion of our two-bead 
system. 
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3.2 Hydrodynamic Interaction 
In actual magnetic sorting in fluidic channels, there are phenomena other than 
magnetism contributing to the motion of the beads, notably what we term hydrodynamic 
interactions, i.e. the phenomenon in which beads are moving in as well as being moved 
by the surrounding fluid [66]. In the previous chapter, we observed that magnetic 
interactions between beads play a major role in obtaining controllability; it is therefore of 
interest to study the effects of hydrodynamic interactions, and to establish a framework 
from their study. 
First it is important to clarify what we mean by hydrodynamic interaction. The 
beads are subject to a magnetic force that moves them relative to the unperturbed fluid 
flow and this relative motion sets up a viscous drag from the fluid causing a momentum 
transfer. This transfer of momentum gives rise to an additional flow, a change in fluid 
velocity that affects, in principle, the global fluid flow pattern. In particular, the values of 
the fluid velocity around other beads are changed and the viscous drags on them are also 
changed. If we choose to ignore the specifics of the fluid flow, it appears that there is a 
fluid mediated interaction between the beads that changes their motion relative to what 
one would expect if one applies Newton's laws to the magnetic forces calculated from the 
equations in Chapter 2 and from the drag due to the unperturbed flow. We take the point 
of departure in the unperturbed fluid flow and then find a way to account for 
hydrodynamic interactions. One possible, simple model is considering the effect of the 
beads on the unperturbed fluid flow as that of a point force. This can be approximated by 
a kind of hydrodynamic Green's function called the Oseen tensor [57]. In order to 
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incorporate this hydrodynamic interaction in to our model, we redesign our model as 
explained in the next section.  
 
3.3 Coupled Equations of Motion Including Hydrodynamic Interactions 
Figure 3-1 gives an illustration of the new and modified system set-up. It consists 
of two magnetic beads but in this case, they are unequal in diameter and the source of 
gradients, (i.e. the permanent magnet) is removed. Uniform magnetic fields are applied 
from external electromagnets. 
 
Figure 3-1: Magnetic manipulation assembly and illustration of the set-up 
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Next, we use a simplistic description to model bead movement in viscous 
incompressible fluid that flows at a low Reynold’s number. One approximation in this 
approach is where a force applied to a bead is treated as a point force disturbance of the 
fluid flow which, in turn, draws the second bead into this flow. Equations of motion of 
these two non-identical spherical beads with velocities 1V
r
 and 2V
r
 positioned at 1R
v
 and 
2R
v
 subject to slowly varying interaction force are: 
( ) ( ) FVRVRD rrrrr =Ω+ 2111 ~~ν                                                      (3.2a) 
( ) ( ) FVRDVR rrrrr −=+Ω 2221 ~~ ν                                                     (3.2b) 
where 12 RRR
rrr
−= , 11 6 aπην =  and 22 6 aπην =  are hydrodynamic drag coefficients 
proportional to the kinematic viscosity η  and bead radii 1a  and 2a , F
r
 is the interaction 
force which acts with equal in magnitude and opposite in direction on each of the beads, 
Ω~  is the hydrodynamic coupling matrix (dyadic) which is the same from bead 1 to 2 and 
from bead 2 to 1 according to the Lorentz reciprocal theorem [66] for Newtonian fluids, 
and 1
~D  and 2
~D  are dimensionless matrices describing the change of hydrodynamic drag 
on each bead due to proximity of another bead.  
Bead velocities (and their sum and difference) can be found from (3.2a-3.2b) by 
matrix inversion. The resulting equations can be schematically formulated as: 
( ) ( )FRTFRQV rrrrr ~~111 −= μ                                                      (3.3a) 
( ) ( )FRQFRTV rrrrr 222 ~~ μ−=                                                     (3.3b) 
For certain calculation convenience, we consider the movement of a point in the 
system of the two beads called the center of reaction (also called geometric center) which 
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is defined as 
( )
2
21 RRRc
rrr +
= .  We transform the coordinates from bead positions to the 
center of reaction and the relative distance ( 12 RRR
vvv
−= ) of the beads. The state-
transformation from bead positions to the center of reaction and relative distance co-
ordinates is shown below in Figure 3-2. 
 
Figure 3-2: State transformation of R1 and R2 to R and Rc 
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The reason to consider the center of reaction as opposed to other points in the system will 
be clear from the following.  
( ) ( ) ( )( )FRQRQFRTVV rrrrrrr 112212 ~~~2 μμ +−=−                             (3.5a) 
( ) ( )( )
2
~~
2
221112 FRQRQVV
rrrrr
μμ −
=
+
                                        (3.5b) 
where 
1
1 6
1
aπη
μ = ; 
2
1 6
1
aπη
μ = . Equations (3.5a) and (3.5b) can be used 
interchangeably with (3.3a) and (3.3b). 
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Next, we consider specific approximation of hydrodynamic interaction which can 
be traced back to Oseen’s approximation [58] for spherical beads in fluid (rather than 
Stoke’s). In this approximation, the mobility and interaction tensors are given by: 
( ) ( )
⎥⎥
⎥⎥
⎥⎥
⎥
⎦
⎤
⎢⎢
⎢⎢
⎢⎢
⎢
⎣
⎡
+
+
+
=+=
2
2
22
22
2
2
222
2
1
1
1
8
1ˆˆ~
8
1~
R
R
R
RR
R
RR
R
RR
R
R
R
RR
R
RR
R
RR
R
R
R
RRI
R
RT
zzyzx
zyyyx
zxyxx
πηπη
r
  , ( ) IRQ ~~ =r        (3.6) 
It is seen that these kind of interactions decay at a rate inversely proportional to 
the bead separation whereas the purely magnetic ones we considered in Chapter 3 decay 
at a rate inversely proportional to the bead separation at a power of 3. If we compare the 
hydrodynamic and the magnetic interactions, the longer range hydrodynamic interaction 
will dominate. 
Further, the hydrodynamic interaction contribution is obtained by multiplying the 
tensor with the interaction force and is given by: 
( ) ( ) ( )( )RRFF
R
FRRI
R
FrT ˆˆ
8
1ˆˆ~
8
1~
⋅+=+=
rrrrr
πηπη
                             (3.7) 
when a force F
v
is applied to a particle. Substituting (3.6) and (3.7) in (3.3a) and (3.3b), 
we obtain the bead’s velocities which are given by: 
( )( )RRFF
R
FV ˆˆ
8
1
11 ⋅+−=
rrrr
πη
μ     (3.8a) 
( )( ) FRRFF
R
V
rrrr
22
ˆˆ
8
1 μ
πη
−⋅+=       (3.8b) 
In order to evaluate the equations of motion which transform to center of reaction 
and relative distance motion, we use the substitutions as shown below: 
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2
.),(
R
RFFR
vvvv
=β =  2),( R
RFRFRF
FR zzyyxx
vvvvvvvv ++
=β ; 
16
1
1 aπη
μ = ; 
26
1
2 aπη
μ = ;
 
Rπη
α
8
1
=      (3.9) 
From (3.9), we can rewrite (3.8a) and (3.8b) as follows; 
RFRFV
vvvrr
),()( 11 αβμα +−=     (3.10a) 
RFRFV
vvvrr
),()( 22 αβαμ −−=              (3.10b) 
The equations of motion for the center of reaction ( cV
v
) and relative distance (V
v
) of the 
beads are written as:  
FRV cc
v&vr
2
)( 21 μμ −
==     (3.11a) 
RFRFRV
vvvv&vr ),(2)2( 12 αβαμμ −−+==     (3.11b) 
Rewriting the above equations (3.11a) and (3.11b) in Cartesian coordinates, 
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(3.12) 
In order to obtain a state-space form for equation (3.12), we rewrite it in a matrix form as 
shown below; 
 55
⎥⎦
⎤⎢⎣
⎡
V
Vcv
v
= F
RM
I v
v ⎥⎥⎦
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⎢⎢⎣
⎡ −
)(~
2
)( 21 μμ
     (3.13) 
where, 
⎥⎥
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⎥
⎦
⎤
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⎢
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⎡
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v
.   
Equation (3.13) defines the model for our two bead system. Matrix )(~ RM
v
 includes the 
interaction terms. We can simplify )(~ RM
v
 and calculate )(~ 1 RM
v
−   as follows; 
⎥⎦
⎤⎢⎣
⎡ +
−+−= IRRR
R
RM T )
2
1(2)(~ 2122 α
μμα vvv     (3.14) 
]
)
2
2(
[
2
1)(~
21221
1
α
μμαμμ +
−
−
−+
=∴ −
R
RRIRM
Tvvv
   (3.15) 
Notice that, )(~ 1 RM
v
− exists as long as αμμ 421 <<+  and αμμ 221 ≠+ . From 
(3.14) and (3.15), we can see that if αμμ 221 =+ , )(
~ RM
v
 moves to becoming singular as 
R
v
 increases. If )(~ RM
v
 becomes singular, the system becomes non-controllable. This 
agrees with the conclusion from previous chapter that as the distance between the 
particles increases, interaction forces decreases leading to loss of control.  
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3.4 Local Controllability in Presence of Hydrodynamic Interactions 
Having calculated the system matrix, we can now check local controllability of 
this system. In order to do the controllability analysis, we have to locally linearize the 
system about its equilibrium points.  
Now, let us denote the perturbation in relative distances and center of reaction as 
R
r
δ  and cR
r
δ . Let the input be the perturbation in the applied force, Ff
rr
δ= . Now, taking 
the first order perturbation expansion from the above equation (3.14) we find: 
f
dt
Rd c v
v
δμμδ ⎟⎠
⎞⎜⎝
⎛ −
=
2
21     (3.16a) 
fMRF
dR
Md
dt
Rd vvv
v
δδδ ~
~
+=     (3.16b) 
Rewriting the above two equations (3.16a) and (3.16b) in matrix form, 
f
RM
IRF
Rd
RMd
R
Rc vv
vvv
v
&v
&v
δ
μμ
δ
δ
δ
⎥⎥⎦
⎤
⎢⎢⎣
⎡ −
+⎥⎥⎦
⎤
⎢⎢⎣
⎡
=
⎥⎥⎦
⎤
⎢⎢⎣
⎡
)(~
2)(
~
0
00 21
   (3.17) 
Now, comparing the above matrix form with the standard linear state-space form, we 
obtain matrices A~  and B~ ; i.e. ⎥⎥⎦
⎤
⎢⎢⎣
⎡
= F
Rd
RMdA vv
v
)(~0
00~ , ⎥⎥⎦
⎤
⎢⎢⎣
⎡ −
=
)(~
2
~ 21
RM
IB v
μμ
, 
The controllability matrix is given as ]~~....~~~~~[~ 12 BABABABC N −= . As long as )(~ RM
v
 exists 
and 0≠F
v
, this controllability matrix is full rank, which implies that we have complete 
local controllability around any equilibrium position of the particle pair. There are 
infinitely many such equilibrium positions. They correspond to any desired position of 
the center of reaction, any desired orientation of the line between the particle’s centers 
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and to distance between the particles equal to the distance of the closest approach 
( )21 aaR += . This controllability shows that the presence of hydro-dynamic interactions 
increases the controllability of the system. In order to verify this, we check the 
controllability of this system in the absence of hydro-dynamic interactions in the next 
section. 
 
3.5 Local Controllability in Absence of Hydrodynamic Interactions 
If hydrodynamic interactions between the particles did not exist at all, 
( ) ( )RQRQ rr 12 ~~ = =I and ( ) 0~ =RT r . Equation (3.3) becomes 
FV
rr
11 μ=                                                       (3.18a) 
FV
rr
22 μ−=                                                      (3.18b) 
Equations of motion for the relative distance and center of reaction becomes as follows: 
FVV
rrv
)( 1212 μμ +−=−                                            (3.19a) 
FVc
rr
2
)( 12 μμ +−
=                                                (3.19b) 
Linearizing (3.19a) and (3.19b) similarly as in previous section, we obtain the first order 
linearized equation as seen below;  
f
dt
Rd c v
v
δμμδ ⎟⎠
⎞⎜⎝
⎛ +−
=
2
12      (3.20a) 
f
dt
Rd v
v
δμμδ )( 12 +−=                 (3.20b) 
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where R
r
δ  and cR
r
δ  represent perturbation in relative distances and center of reaction and 
Ff
rr
δ=  is the perturbation in the input force. 
Writing above equations (3.20a) and (3.20b) in state-space ABCD matrix form, 
f
I
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R
R cc vv
v
&v
&v
δ
μμ
μμ
δ
δ
δ
δ
⎥⎥⎦
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The general structure of the above equations is: 
fBrA
dt
rd rvv ~~
+=     (3.22) 
where ⎥⎦
⎤⎢⎣
⎡
=
R
R
r cv
v
v
δ
δ
 describes the state of the system and the general structures of the 
matrices A~  and B~  looks as follows; 
⎥⎦
⎤⎢⎣
⎡
=
00
00~A , ⎥⎥⎦
⎤
⎢⎢⎣
⎡
+−
+−
=
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~
12
12
μμ
μμ
     (3.23) 
The controllability matrix C~  is given as [ ] [ ]....00~~~.....~~~~~~ 12 BBABABABC N == − . 
Maximum rank of this controllability matrix C~ is 3 because the state matrix A does not 
contribute to the rank as it is zero. The total number of degrees of freedom to be 
controlled is 6 and this system (without hydrodynamic interactions) can locally control 
only 3 degrees. Hence, the system is not fully locally state-controllable. This result 
implies that in the absence of hydrodynamic interactions and gradients, we cannot obtain 
full state local controllability. Thus, from this analysis, we can conclude that inclusion of 
hydrodynamic interactions in the model helps to obtain better control of the system. 
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3.6 Swimming of Magnetic Objects  
In the previous sections, we showed that the two-bead system was locally 
controllable due to magnetic and hydrodynamic interactions. In this section, we will show 
that with the help of interaction between the beads coupled with the hydrodynamic 
interaction due to the fluid, we will obtain a synchronized unbounded net translation of 
the system which can be termed as ‘swimming’. In doing so, we will go a step forward 
from local controllability and show that the system is globally controllable. First, we will 
review the theoretical and experimental work that has been done in the field of artificial 
swimmers which mimic locomotion exhibited by micro-organisms. 
3.6.1 Artificial Swimmers 
Micro-organisms swim in ways that are very different from those we are most 
familiar with. As opposed to large mammals and fish, they cannot rely on inertia. In the 
language of fluid mechanics this means that they swim at low Reynolds numbers (viscous 
forces are dominant over inertial forces). Researchers have extensively studied the non-
inertial based locomotion of micro-organisms [67, 68, 69]. For example, to accomplish 
swimming, micro-organisms employ sophisticated molecular machinery which actuates 
their locomotion in non-trivial ways. Escherichia coli, for example, uses trans-membrane 
proton potential to drive molecular motors that rotate strands of protein filaments which 
are anchored to the cell wall and form a device known as flagella [70, 71]. Spermatozoa 
move by launching a wave along their flagella [72, 73]. 
Bacteria can even cooperate through a phenomenon known as swarming [74] in 
order to swim as seen in Figure 3-3. Although swarming is not yet as well understood as 
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other locomotion mechanisms, it appears to enhance movement of bacteria particularly in 
viscous environments and on surfaces. Moreover, bacteria capable of swarming often 
seem to have diminished capacity to swim on their own.  
 
Figure 3-3: Swarming of bacteria [74] 
 
In order to swim and self-propel through a Newtonian fluid at low Reynolds 
number, the essential requirement is non-reciprocity in the motion. This was pointed out 
by Purcell in his famous “scallop theorem” [75] (as seen in Figure 3-4).  
 
Figure 3-4: Scallop theorem [75] 
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He proposed three swimming strategies [75] that are not time-reversible and 
hence lead to a net translation in the absence of inertial effects. The three strategies are: 
• The “corkscrew”, in which a rigid helical filament is rotated in a viscous liquid. 
This strategy is similar to the swimming mechanism of many bacteria. 
• The “three-link swimmer”, the simplest rigid-linked mechanism that swims in the 
absence of inertia. 
• The “flexible oar”, in which a flexible tail is oscillated, generating traveling 
waves along the filament that produces a propulsive force.  
In the past few years several types of artificial swimming mechanisms have been 
proposed. A device proposed by Najafi [76] consists of three balls connected in a line by 
arms that move in and out. The three-ball device would move by a series of 
transformations in which each arm elongated or contracted, changing the spacing 
between the balls and propelling the device forward. Avron et al. [77, 78] proposed a 
hypothetical swimmer that resembles two balloons connected by a thin, stretchy tube. 
The device propels itself in a series of synchronized steps in which each balloon is 
alternatively inflated and deflated as the tube elongates and retracts. 
Also, the possibility of swimming of two constant diameter spherical beads has 
been the subject of some debate [79, 80]. Micro-swimmer designers [81, 82, 83, 84, 85] 
have also examined how quickly and efficiently the swimmers might move. For instance, 
Stone et al. [86] considered efficiency when they evaluated Purcell's two-hinge swimmer. 
Their calculations showed that the venerable device would be only a tenth as efficient as 
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common microscale biological-propulsion structures, such as an undulating tail and a 
rotating helical flagellum. 
Not much experimental demonstration exists in this artificial swimming field. In a 
recent investigation at MIT, Hosoi et al [87, 88] tested Purcell's claims experimentally. 
They built a scaled-up model of the two-hinge apparatus, powered its arms with a windup 
spring, and immersed it in thick silicone oil to mimic the viscous conditions of the micro-
world. Dreyfus et al. [89] were the first research group to build a device mimicking 
bacterial flagella that was constructed as a linked chain of magnetic beads and 
demonstrated swimming by propagation of a magnetic field induced bending motion. 
Although this was a magnificent piece of work, it is essentially a complex multi-link 
swimmer which requires multiple motors along its tail. Experimental investigations on 
building a simpler prototype for locomotion would be a great contribution to this world of 
artificial swimmers. Potential applications include medical devices used for minimally 
invasive surgery or targeted drug delivery and many more.  
Overall, the ability of tiny living creatures to propel themselves through fluid has 
inspired a search for miniature man-made mechanical devices that can mimic such 
motion. In the quest of building a simpler device with the least number of degrees of 
freedom and also where the beads need not be attached together, we will begin our 
investigation of a simple two-bead non-gradient based magnetic swimmer in the next 
section.  
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3.6.2 Locomotion using Uniform Magnetic Fields  
Below, we consider the same model developed in section 3.1.  In this case, when 
particles are separated by few radii, but remain at distances not too large, 
( ) ( ) IRQRQ ~~~ 12 == rr and ( ) 0~ ≠RT r . Assuming this, from equations (3.3a) and (3.3b); 
( ) ( )θθ θμθμμμμ FFRFFRFV rrc ˆˆˆˆ2 )(2 )( 2121 +=+−=−=
vr
                   (3.24) 
where 
2
)( 21 μμμ −= . From (3.24), we can see that when F
r
 varies periodically in time; 
functions F
r
μ  will also vary periodically, but not necessarily around a zero time average. 
The time average value of this periodic function can be used to obtain the average 
swimming velocity of the center of reaction. Even if the periodic force has zero time 
average, swimming can occur only because relative particle velocity may have non-zero 
time average.  
 
Figure 3-5: Precession movement of beads 
 64
The above reasoning makes it possible to exclude certain types of bead motion (in 
addition to any reciprocating motion) as non-swimming motion using only symmetry 
considerations. For example, consider the motion illustrated in Figure 3-5. Due to 
inherent symmetry of the bead’s precession movements, it can be concluded without 
detailed fluid flow calculations that both the force and beads’s relative velocity are 
periodic functions with zero mean. As a result, precession movements of the beads can 
not lead to swimming. Also notice that, if the beads are identical in size, then 0=μ , which 
will also lead to no-swimming.  
To obtain swimming of the system, two conditions need to be fulfilled. First, the 
beads should be non-identical, which implies that they should be either of different sizes 
or they can be of same size but made from different material. Second, the sequence of 
deformations must be non-reciprocal (time irreversible). The second requirement arises 
from the fact that fluid dynamics at the micrometer scale is dominated by viscous rather 
than inertial terms. This means that a purely reversible internal displacement is not 
associated with any net motion (the ‘scallop theorem’) [75]. These conditions will ensure 
that swimming will occur at low Reynolds number fluid flows. 
From  equations (3.8a) and (3.8b), the relative bead velocity is given as follows; 
( )( ) ( )( )
( )( ) ( )( )( )θθμμπημμπη
πη
μμπη
πη
FRFRR
R
RRFFR
R
VV
r
ˆ41ˆ42
4
1
ˆˆ41
4
1
1212
1212
+−++−
=⋅++−=−
rrrr
                (3.25) 
where Rˆ  and θˆ  are unit vectors in the directions along the line of bead centers (from 
bead 1 to 2) and perpendicular to it (along the motion of  bead 2), respectively, while rF  
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and θF  are components of the force applied along those directions. Velocity of the center 
of reaction can also be obtained from (3.8a) and (3.8b): 
( ) ( )θθ θμθμμμμ FFRFFRFV rrc ˆˆˆˆ2 )(2 )( 2121 +=+−=−=
vr
                 (3.26) 
Now, if we consider the movement of the center of reaction only due to variation 
of the distance between the beads, from (3.25) and (3.26) we find 
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Similarly, if we consider movement of the center of reaction only due to change 
in the orientation θ  of the line between the beads’ centers, from (3.25) and (3.26) we 
have: 
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Combining (3.27) and (3.28) we find the following expression for the 
infinitesimal movement of the center of reaction due to infinitesimal changes in the 
distance between the beads and orientation of the line between the beads’ centers.  
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Equation (4.29) completely describes swimming movement of the system of two 
beads. Notice, that forces between the beads are not used in this equation. This is due to 
the fact that swimming depends purely on the geometry of the beads and their 
trajectories. Forces will influence the rate of swimming and the power dissipation, but not 
the dependence between the geometrical parameters of the system R  and θ  and the 
movement of the center of reaction. Note also that ( )21 aaR +≥  and, as a result, the 
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denominator of the second fraction in the brackets of (3.29) will be always positive. The 
denominator of the first fraction inside the brackets of (3.29), on the other hand, is 
positive for any bead radii as long as ( )212
3 aaR +≥ .  Under these circumstances, the 
center of reaction always moves in the direction of smaller bead motion. This can be seen 
by assuming that bead 2 is smaller than 1 and by recalling that unit directions are in the 
direction of motion of bead 2. Further, notice that when the bead sizes are same, 
i.e. 21 aa = , there is no swimming which explains why we choose different sized beads in 
this system. 
 
3.7 Swimming Examples 
In this section, I have listed results of simulations of several swimming profiles. 
In simulations, the bead sizes were 1 mm and 2 mm respectively. The viscosity of the 
fluid was 1.92 cSt (viscosity of vegetable oil), and the magnetic beads were assumed to 
have magnetic susceptibility ( χ ) of 2.5, a typical value for commercially available 
magnetic beads. 
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3.7.1 Semi Circular Motion 
 
Figure 3-6: A) Relative distance trajectory of the beads. Diamond marker 
represents the start point of the trajectory and square marker represents the end 
point. B) Center of reaction trajectory of the beads. Diamond marker represents the 
start of the trajectory and square marker represents the end point. 
 
Figure 3-6A shows the trajectory of the relative distance of the beads. It can be 
divided into four segments. First, the two beads will attract. Second, they will rotate 
around each other in clockwise fashion to form a semi-circular path. Third they will repel 
and finally in the fourth segment, they will rotate in counter-clockwise direction for a 
semi-circle. Figure 3-6B shows the corresponding trajectory for center of reaction for this 
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relative distance path. It can be seen that the relative distance starts and ends at the same 
point (shown by square and diamond markers) whereas the center of reaction shows a net 
displacement. The net displacement is shown by the difference in the diamond and square 
markers. This type of swimmer can be called a 1D-swimmer because the displacement is 
only in one direction. 
In the next section, we will describe examples of 2D-swimmer (where net 
displacement will occur in both the directions). 
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3.7.2 Circular Motion 
 
 
 
Figure 3-7: A) Relative distance trajectory of the beads. Diamond marker 
represents the start point of the trajectory and square marker represents the end 
point. B) Center of reaction trajectory of the beads. Diamond marker represents the 
start of the trajectory and square marker represents the end point. 
 
Figure 3-7A shows the trajectory of the relative distance of the beads.  It is 
circular in shape. At first thought, one would think that this is a reciprocal type of motion. 
But if you observe carefully, the relative distance trajectory is not centered at the origin. 
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Such a motion can be considered non-reciprocal. In this figure, we show one cycle of 
relative distance trajectory. Figure 3-7B shows the corresponding center of reaction 
trajectory. The difference between the starting (diamond marker) and ending point 
(square marker) shows that there is net displacement at the end of a cycle. It is also seen 
that in this case, the displacement if in both the axes (x and y).  Hence, we can call this a 
2D- swimmer. 
 
 
 
 
 
 
 
 
 
 
 
 72
3.7.3 Rectangular Motion 
 
Figure 3-8: A) Relative distance trajectory of the beads. Diamond marker 
represents the start point of the trajectory and square marker represents the end 
point. B) Center of reaction trajectory of the beads. Diamond marker represents the 
start of the trajectory and square marker represents the end point. 
 
Figure 3-8A shows the trajectory of the relative distance of the beads.  It is 
rectangular in shape. This is similar to the circular shape we saw in the earlier section. 
The trajectory is off-centered from the origin. In this figure, we show one cycle of 
relative distance trajectory. Figure 3-8B shows the corresponding center of reaction 
trajectory. The difference between the starting (diamond marker) and ending point 
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(square marker) shows that there is net displacement at the end of a cycle. It is also seen 
that in this case, the displacement if in both the axes (x and y).  Hence, we categorize this 
type of motion also in 2D- swimmers. Although this motion is swimming in principle, it 
might be difficult to obtain in practice because in order to obtain such a rectangular 
shaped motion, you will need sharp and sudden change of fields. This might damage the 
source (power supply in this case) of the fields. 
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3.7.4 Multiple Circles 
 
Figure 3-9: A) Relative distance trajectory of the beads. Diamond marker 
represents the start point of the trajectory and square marker represents the end 
point. B) Center of reaction trajectory of the beads. Diamond marker represents the 
start of the trajectory and square marker represents the end point. 
 
Figure 3-9A shows the trajectory of the relative distance of the beads for multiple 
overlapping circles. This is also similar to the circular shape we saw in the earlier section. 
The relative distance trajectory is off-centered from the origin. Figure 3-9B shows the 
corresponding center of reaction trajectory. The difference between the starting (diamond 
marker) and ending point (square marker) shows that there is net displacement at the end 
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of a cycle. As the number of cycles increase, the net displacement also increases in a 
particular direction. Since smooth field profiles are relatively easy to generate from the 
power supply, this type of swimming profile will be the best to convert to a practical 
experiment. We will use this kind of circular swimming profile in our experiments 
(which will be discussed in the next chapter). 
 
3.8 Displacement Equation 
In this section, we will find the equation of net displacement for one of the 
swimming profile showed in the previous section. This can help us predict conditions to 
optimize swimming displacement. Example of possible periodic trajectory (semi-circular 
as seen in Figure 3-6) is illustrated in Figure 3-10. Now, according to (3.26), when the 
force is directed perpendicularly to Rˆ  (the line between the bead centers), the velocity of 
each bead is also perpendicular to Rˆ  and co-linear with the force. When the force is 
directed along Rˆ , the velocity is also directed along the same direction. 
 
Figure 3-10: Example of periodic relative motion of the bead pair swimmer 
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Thus, as long as the bead trajectory is made up of segments where velocities are 
directed either along the line connecting bead centers or perpendicularly to it, the force 
and velocity vectors are co-linear. Along the first straight line segments of the trajectory, 
we obtain from equation 3-29: 
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Similarly, for the second straight line segment: 
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The net displacement for the straight line trajectories is: 
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For the circular part of the trajectory where bead distance remains b: 
( )
( )
( )
( )
( )
( ) ( )
( )
( )( ) α
θθθθθ
θθ
α
α
α
α
α
α
sin
2
2ˆ
sinˆcosˆ
2
2
1ˆ
2
2
1
2
ˆ
2
1
21
12
2
2
21
21
2
21
21
2
21
21
23
abaa
aabx
dzx
ab
b
aa
aad
ab
b
aa
aa
aR
dR
aa
aaRR cc
−+
−
=
+
⎟⎠
⎞⎜⎝
⎛
−
+
−
=
⎟⎠
⎞⎜⎝
⎛
−
+
−
=
⎟⎠
⎞⎜⎝
⎛
−
+
−
=−
∫∫
∫
−−
−
rr
  (3.30d) 
Similarly, for the part of the trajectory where bead distance remains B: 
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Therefore, the two circular segments of the trajectory produce the net displacement of the 
center of reaction: 
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Thus, the net displacement of the center of reaction during one cycle occurs in the 
positive x-direction and is given by: 
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It can be seen from equation (3.30g), we can see that for this example, the net 
displacement depends on the separations (B and b) of the beads and also on the angle (α ) 
at which they rotate. Similarly, we can derive displacement equation for other swimming 
profiles. Notice that, the displacement depends on the initial conditions and orientations 
of the beads and not on the forces involved. In order to obtain larger displacements, the 
loops made by the relative distance motion should also be large. 
 
3.9. Magnetic Interaction Force as the System Input 
The magnetic moments ( 1m
v and 2m
v ) of the two beads satisfy: 
1
1
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where h
v
 is the external uniform field,  
χ
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+
=
3
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1
a
s  and 
χ
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4 32
2
a
s  are effective bead 
susceptibilities, χ  is the susceptibility of the bead material. The interaction fields are: 
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The magnetic interaction energy intE
v
 between the two beads is given by: 
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Note that partial derivatives of intE
v
 with respect to 1R
r
 and 2R
r
 differ only in sign because 
the magnetic interaction potential depends only on the difference 12 RRR
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In the first-order approximation: hsm
rr
11 =  and hsm
rr
22 = , and the force is now given by: 
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Given any desired interaction force we can find a uniform field that generates this 
force for any given relative positions of the beads. Thus, we can treat F
r
 as the input to 
our system and determine if the system can be controlled with this input.  To demonstrate 
that we can always find the uniform field that generates any desired input, let us suppose 
the x axis is oriented along the line connecting bead’s centers (we can always re-orient 
the axis as the bead move). From equation (3.35), we obtain the following: 
 79
( ) zuuyuuxuuugF
ss
r xzyxzyx ˆ2ˆ2ˆ23
4 222
021
4 ++++−==−
rr
μ
π   (3.36) 
From equation 3.36, we can find the field solutions required to obtain the desired force. 
Substituting 222 4 xzz uug = ,  
222 4 yxy uug = ,  ( )2222 zyxx uuug ++−= , we find the solutions as 
follows: 
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It can be easily checked that the limit of these expressions for zero x and y components of 
the force is well-defined. Next, we will use these derived expressions for forces and 
magnetic fields and calculate the respective forces and magnetic fields required for the 
swimming motion simulated in the examples in section 3.7. 
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3.9.1 Semi Circular Motion 
 
Figure 3-11: A) Force in X-direction. B) Force in Y-direction 
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Figure 3-12: A) Magnetic field in X- direction. B) Magnetic field in Y-direction 
 
In Figure 3-11A, we show the force in x-direction to obtain the semicircular type 
of swimming motion (shown in section 3.7.1). Figure 3-11B shows the force in y-
direction required to obtain the swimming motion. Corresponding magnetic fields in x 
and y-direction are shown in Figure 3-12A and Figure 3-12B. Notice that, since the force 
is proportional to field squared, there can be multiple solutions of magnetic fields which 
can result in the same force. In these figures, we illustrate one set of solution for the field. 
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3.9.2 Circular Motion 
 
 
Figure 3-13: A) Force in X- direction. B) Force in Y-direction 
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Figure 3-14: A) Magnetic field in X- direction. B) Magnetic field in Y-direction 
 
In Figure 3-13A, we show the force in x-direction to obtain the circular type of 
swimming motion (shown in section 3.7.2). Figure 3-13B shows the force in y-direction 
required to obtain the swimming motion. Corresponding magnetic fields in x and y-
direction are shown in Figure 3-14A and Figure 3-14B. Notice that, the field is not 
exactly centered at the origin. It has an offset which is due to the off-centered relative 
distance trajectory. 
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3.9.3 Rectangular Motion 
 
Figure 3-15: A) Force in X- direction. B) Force in Y-direction 
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Figure 3-16: A) Magnetic field in X- direction. B) Magnetic field in Y-direction 
 
In Figure 3-15A, we show the force in x-direction to obtain the rectangular type of 
swimming motion (shown in section 3.7.3). Figure 3-15B shows the force in y-direction 
required to obtain the swimming motion. Corresponding magnetic fields in x and y-
direction are shown in Figure 3-16A and Figure 3-16B. It can be divided into four 
segments. The segments show alternate attraction and repulsion but with different 
magnitudes. 
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3.9.4 Multiple Circles 
 
Figure 3-17: A) Force in X- direction. B) Force in Y-direction 
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Figure 3-18: A) Magnetic field in X- direction. B) Magnetic field in Y-direction 
 
In Figure 3-17A, we show the force in x-direction to obtain the circular type of 
swimming motion for multiple cycles (shown in section 3.7.4). Figure 3-17B shows the 
force in y-direction required to obtain the swimming motion. Corresponding magnetic 
fields in x and y-direction are shown in Figure 3-18A and Figure 3-18B. Note that, 
smooth fields are needed to generate multiple circles.  
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3.10 Global Controllability  
A system is called controllable if there exists an input u(t) that can transfer the 
states of the system from an initial state 1x  to a desired final state 2x  in finite time t. So 
far, from our controllability analysis, we have been able to show that our system is 
locally controllable. By using the swimming model, we can show that the system is 
globally controllable. To show that the system is globally controllable is same as showing 
that there exists an input field/force which can move the system from an initial point to a 
final point in finite time t. We define the global control problem as:  
“Design a controller to displace a system of two unequal diameter magnetic beads from 
any arbitrary initial point ( ici RR
vv
, ) to a desired final point ( fcf RR
vv
, ) maintaining the 
distance between the centers of the particles less than RΔ ” 
 
Figure 3-19: Global control problem statement 
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In solving this problem as seen in Figure 3-19, we essentially use the model 
developed to describe swimming as in section 3.7. We can break the solution in two 
parts; 
• The first part determines the magnetic fields that would displace the beads by RΔ . 
This can be done by applying a force which is obtained by inverting matrix )(~ RM
v
 
(from equation 3.13), i.e. RRMF &
vvv
)(~ 1−= . The new states are ncf RR
vv
,  as seen in 
Figure 3-20.  
 
Figure 3-20: Desired relative distance Ri is obtained 
 
• Once we have reached ncf RR
vv
, , we will perform the swimming type of motion, 
where in the relative distance ( iR
v
) will remain fixed but center of reaction ( cR
v
) 
will get displaced at the end of each periodic cycle. The force required can be 
obtained in a similar as previous step by taking inverse of )(~ RM
v
 and then 
substituting this force in the center of reaction equation. i.e. RRMFd
&vvv )(~ 1−= ; 
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)(
2
)( 12 tFRV dcc
v& μμ −
== . The process is shown in Figure 3-21. In controlling 
the relative distance ( R
v
) of the beads and center of reaction ( cR
v
), we are 
essentially controlling 1R
v
 and 2R
v
 because they are related by a simple state-
transformation as seen in equation (3.4). 
 
Figure 3-21: Desired center of reaction fcR  is obtained 
 
 
Hence, by following these two steps, we can prove that in principle, there exists an input 
force (force can be related to field) to transport a system of two unequal beads from an 
arbitrary initial point to a final desired point in finite time. 
 
3.11 Discussion and Conclusion 
In this chapter, we investigated the effects on hydrodynamic interactions on the 
beads immersed in a viscous fluid medium. We found that local controllability can be 
obtained by using hydrodynamic and magnetic interactions. We also found that control is 
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lost in the absence of hydrodynamic interactions. Further, we were able to show 
theoretically that using interactions, a simple two-bead system of unequal sizes can swim 
in a synchronized fashion. The model also proved that beads of same sizes cannot swim 
and it also shows that at low Reynolds number, reciprocal motion will not lead to 
swimming. Next, we showed several swimming profiles using computer simulations. We 
also derived the analytical solutions for the force and field required to generate the 
desired swimming profiles. Also, we derived an equation for the displacement for an 
example swimming profile and found that the net displacement depends on the separation 
between the beads and the angle at which the relative distance rotates. 
Using the developed swimming model we were also able to show global 
controllability of the system. This means that in principle, we can design an open loop 
input force required to obtain a desired motion using our model. Further, this theoretical 
model qualitatively predicts the magnetic field profiles that should be applied in order to 
obtain locomotion. In the next chapter, the swimming models developed here will be 
used to guide experimental investigations.  
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4. Experimental Results 
 
4.1 Overview 
To experimentally determine magnetic bead locomotion in fluids with a uniform 
field applied, in this chapter we describe the materials used in the experimental 
investigations, the actuation method, and the vision system that is used to track the 
particles in real time, and analyze the results. We divided the experiments in two sets. 
The first sets of experiments use magnetic beads and non-magnetic fluid. The second set 
involves non-magnetic (glass) beads and magnetic fluid. We describe the methods used 
to analyze the experimental results and also discuss the challenges faced in these 
experiments.   
 
4.2. Magnetic Beads in non-magnetic fluid test-bed 
The two magnetic beads of different sizes (1.5 mm and 2 mm) were immersed in 
a non-magnetic fluid (glycerin, vegetable oil, and silicone oil) and uniform magnetic 
fields were applied in order to manipulate the beads. The developed theory of swimming 
is valid for low Reynolds number flows; hence, we choose these fluids instead of water 
since with a higher fluid viscosity, the beads will move slower and the resulting Reynolds 
number is low. An added benefit of slower moving beads is that they are easier to control, 
manipulate, and visualize.  
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4.2.1 Experimental Hardware 
Spherical magnetic beads of different sizes incorporating 10 nm γ-Fe203 grains 
were purchased from McMaster Carr (New Brunswick, NJ). The bead diameters were 1.5 
mm and 2 mm, respectively. These beads were observed to not be completely super-
paramagnetic. Due to this property, they showed slightly hysteretic behavior. This means 
that when the applied magnetic field is removed, there still exists some remnant magnetic 
flux in the bead. We used three different types of fluids as our experimental medium. 
Initially, we used glycerin which has a kinematic viscosity of 14.9 cSt. Then we tried 
vegetable oil with a kinematic viscosity of 43.2 cSt. The third fluid we used was silicone 
oil (poly-di-methyl-siloxane) of higher viscosity which was purchased from Sigma 
Aldrich Co. (St. Louis, MO). The viscosity was of the fluid was 1000 cSt.  
Uniform magnetic fields were applied to the system using external solenoid coils 
with iron cores. Solenoid coils with 2.8 cm inner diameter and 550 turns were purchased 
from Fisher Scientific (Hampton, NH). The cores were constructed from a soft iron 
material, purchased from McMaster Carr (New Brunswick, NJ), and machined in the 
machine shop to fit inside the solenoid coils. The coils were then connected to a 
programmable bipolar power supply from Kepco (voltage, current and power ratings 
were 20V/ 5A /100W respectively) and positioned a few centimeters away from the dish 
containing fluid and beads. The material used for the cores was chosen for low remnant 
magnetization, so that little to no magnetic fields were present when the current was 
turned off. The excitation coils are energized with a voltage-controlled current source 
(power supply) controlled by a PC running DASYLab instrumentation software in 
conjunction with a multifunction data acquisition card. All input A/D channels were 
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conditioned by a breakout panel with individual gains and offset correction; all external 
channels were corrected for offsets prior to the experiments and the analog inputs of the 
data acquisition card were calibrated. The magnetic field produced in the vicinity of the 
fluid was adjusted by varying the amount of current passing through the coils, in order to 
produce relatively uniform magnetic fields of up to 100 Gauss in magnitude. The 
experimental setup is shown in Figure 4-1.  
 
 
Figure 4-1: Experimental hardware system set-up. A) Power supplies to control the 
field in the electromagnets. B) Video camera is used for optical observation. C) 
Electromagnets are arranged to produce magnetic field in two orthogonal 
directions. D) Two magnetic beads of different sizes suspended in a non-magnetic 
fluid. 
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4.2.2 Image Acquisition and Processing 
The assembly process was observed with an optical system which included a 30 
frames-per-second, 640 by 480 color Panasonic DV camera. The image pixel size was 50 
μm x 50 μm. The image acquisition was performed using the image acquisition toolbox 
provided with MATLAB. The bead-tracking algorithm is described below through Figure 
4-2. The image-processing algorithm runs on the microprocessor unit in a PC and tracks 
the location of all particles of interest. It is a combination of an algorithm that finds the 
two beads in an image frame and an algorithm that tracks individual particles (see Figure 
4-2). The image acquisition unit captures images at 30 frames-per-second. This color 
image data is converted to grey scale, and then to binary by comparing with a threshold.  
Filters are added to remove noise and the center of mass of each bead is obtained using a 
centroid algorithm. 
 
 
Figure 4-2: Steps of image processing. A) Image read from the camera.  B) Crop the 
image as per region of interest. C) Convert the RGB image to grey scale. D) 
Grayscale image is converted to binary using a threshold. (E) Filtered and 
complemented image. F) Red markers represent centroids of both the beads. 
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This image processing and tracking software was coded and compiled in 
MATLAB. The method finds the position of all the particles in the field of view in less 
than 2 seconds. This image processing speed is not the fastest, as compared to 100 ms 
obtained in assembly language subroutines, but since we are doing post-processing of the 
video, we are not concerned with it at this time. However, this time delay does prohibit 
real-time system feedback.  
 
4.3. Magnetic Beads in Non-Magnetic Fluid Experiments 
In order to investigate locomotion of magnetic beads in fluids, we have 
implemented three different experiment designs. These designs are labeled Case I, Case 
II, and Case III: 
• Case I consists of two magnetic beads of different diameters suspended in 
glycerin as seen in Figure 4-3. 
 
Figure 4-3: Two magnetic beads of different diameters suspended in glycerin 
 
• Case II consists of two magnetic beads of different diameters suspended in 
vegetable oil attached to a fixed support by gold wires as seen in Figure 4-4. 
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Figure 4-4: Two magnetic beads of different diameters suspended in oil from a fixed 
support 
 
• Case III consists of two magnetic beads of different diameters suspended in 
silicone oil attached by a movable float by gold wires. Also the two beads were tethered 
by gold wires as illustrated in Figure 4-5. 
 
 
Figure 4-5: Two magnetic beads of different diameters connected together and 
suspended by a movable float by gold wires 
 
Each design is a natural progression from the previous. We found the challenges 
in the experimental case which acted as motivation for the next case of experiments.  
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4.3.1 Case I- Results and Discussion 
Two magnetic beads of unequal diameters (in this case 1.5 mm and 2 mm) were 
immersed in glycerin of kinematic viscosity 14.9 cSt and rotational magnetic fields on the 
order of 100 G were used to displace the beads. The motion of the beads is recorded. 
Figures 4-6A-D shows the motion of the beads for different time durations. This is a most 
simplistic experimental set-up, but we observed several key challenges in this design. The 
first, and foremost, challenge was the mass density of the beads. Because the beads were 
heavier than the fluid, they sink and stay at the bottom. The surface tension added friction 
to the system making the motion of the beads sluggish. Further, as seen in Figure 4-6D, 
under the influence of external magnetic field, the beads magnetize causing them to 
attract and stick to each other. Once stuck together, the beads were difficult to separate. 
Also, glycerin was determined not to be a good fluid medium because its viscosity 
changes over time and with temperature. These challenges made us redesign our 
experiment which forms Case II. 
 
 
Figure 4-6: Four snapshot images (t1, t2, t3 and t4 are 1.5, 1.7, 1.8 and 2 seconds 
respectively) of the two beads suspended in glycerin as a rotational field is applied. 
The beads stayed at the bottom and rotate clockwise and stuck together as seen in D. 
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4.3.2 Case II- Results and Discussion 
Two magnetic beads of unequal diameters (1.5 mm and 2 mm) and suspended by 
gold wires (as seen in Figure 4-7), were immersed in vegetable oil of viscosity 43.2 cSt. 
Rotational magnetic fields on the order of 100 G were applied to manipulate the beads. 
The support threads solved the initial problem in which the beads sunk to the bottom of 
the fluid and therefore enabled the locomotion of the beads. However, a new observation 
was now made, in that the beads returned back to their initial position after a field cycle 
causing no net displacement (as seen in the time sequence snapshots in Figures 4-7A-H 
and 4-8). This lack of movement is due to the beads being suspended and supported by 
wires from attached to a fixed support. These wires provided the restoring force and 
hence the magnetic beads didn’t have a net displacement even after completing a cycle. 
In order to solve the above problem of support from a fixed support and try to obtain net 
displacement of the system, we moved to Case III of experiments. 
 
 
Figure 4-7: Eight snapshot images (t1, t2, t3, t4, t5, t6, t7, and t8 are 36.8, 37.1, 37.6, 
38.0, 38.2, 38.5, 38.7, 39.0 seconds respectively) of the two beads suspended in 
vegetable oil by gold wires.   
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Figure 4-8: Snapshot showing two beads suspended in vegetable oil. Red and blue 
markers indicate positions of the two beads. Under the influence of external 
rotational field, the beads rotated but came back to same starting point leading to 
no net displacement.  
 
4.3.3 Case III- Results and Discussion 
Case III is comprised of two magnetic beads of unequal diameters (1.5 mm and 2 
mm) being tethered together with gold wires and immersed in silicone oil of higher 
kinematic viscosity (1000 cSt). The Reynolds number under these conditions was on the 
order of 10-6. In addition to the tether, the beads were still supported by support wires, 
however, in this case, the support wires were attached a movable float made from 
Styrofoam. Similar magnetic fields as in the previous cases were applied to this system in 
order to manipulate the beads. Here, the support wires provided a solution to the beads 
sinking to the bottom of the fluid, while the tethered wire provided a solution to the beads 
sticking together. Figures 4-9A-H shows the overall float system being displaced (Figure 
4-9H) from its initial position (Figure 4-9A) at the end of a field cycle. We also notice 
that as the number of field cycles increase, the center of reaction keeps moving in one 
direction whereas the beads remain bounded.  
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Figure 4-9: Eight snapshot images (t1, t2, t3, t4, t5, t6, t7, t8 are 10.2, 10.9, 12, 13, 19.8, 
30, 54.9, 75 seconds respectively) of the two beads suspended in silicone oil. The 
beads are attached by gold wires and a movable Styrofoam float is attached from 
the top.  Under the influence of external rotational field, the beads rotated and 
swam as seen from initial position A to final position H. 
 
In Figure 4-10, we show the plots of the relative distance trajectory and the center 
of reaction trajectory. The relative distance is bounded as seen in Figure 4-10A whereas 
the net displacement of the center is 0.6 mm as seen from Figure 4-10B and Figure 4-11. 
Notice that, this swimmer also pulls a float while swimming. The speed of this swimmer 
was 7 μm/sec. This could be a potential application for drug delivery, where you can 
attach an anti-body or a cell to this swimmer and transport it to the desired target site. 
 
 
Figure 4-10: A) Trajectory of relative distance of the beads. Diamond marker 
represents start point and square marker represents end point. B) Trajectory of 
center of reaction of the system. Diamond marker represents start point and square 
marker represents end point. 
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Figure 4-11: Snapshot showing center of reaction in red color. White arrow shows 
the direction of motion of the center of reaction. 
 
Although this set-up experimentally demonstrates swimming, it involves 
additional degrees of freedom in the system, including the tethering wires and the support 
float. Forces experienced by the wires and float also contribute to swimming. In addition, 
this experimental set-up is different from the theoretical model we developed, as our 
model does not take into account any float or threads. In order to simplify the 
experimental system with the least number of degrees of freedom, and in the hope of 
finding an experimental set-up close to our theoretical model, we progressed to magnetic 
fluid and glass beads experiments. This setup of magnetic fluid and non-magnetic beads 
is theoretically same as that of magnetic beads and non-magnetic fluid, as will be 
discussed in the next section. 
 
4.4 Non-Magnetic Beads in Magnetic Fluid Experiments  
A non-magnetic object immersed in ferrofluid can be viewed equivalently as 
being a diamagnetic object (object with magnetization opposing the applied field) placed 
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inside a non-magnetic fluid [90]. As a result, whereas magnetic beads inside non-
magnetic fluids are forced toward regions of strongest magnetic field, non-magnetic 
beads inside ferrofluid are forced toward regions of weakest field. Diamagnetic behavior 
of non-magnetic beads inside ferrofluid creates new opportunities for control. Since work 
by Earnshaw [91] does not apply to diamagnets, the fundamental difference with the 
assembly of magnetic beads in non-magnetic fluid is the possibility for stable levitation 
and suspension.  Keeping this in mind, we can construct a set up that permits the beads to 
remain stably suspended in the focal plane of the camera. In this experimental plan, we 
use a pair of non-magnetic glass beads of different diameters and suspend them in 
ferrofluid supported between two glass slides. The beads repel from the supporting glass 
slides above and below the ferrofluid and remain stably suspended in the ferrofluid. 
Despite the fact that the beads are non-magnetic, when the external uniform magnetic 
field is applied, they experience magnetic interactions due to the surrounding 
magnetizable fluid, which applies equal and opposite forces to the different beads. 
However, no noticeable net magnetic force is applied to the pair in the largely uniform 
field.    
4.4.1 Experimental Hardware 
The two non-magnetic glass beads (from BioSpec Products Inc.) along with the 
dilute ferrofluid (type EHF1- purchased from Ferrotec Corporation, 40 Simon St., 
Nashua, NH 03060-3075, USA) were placed in a glass slides clamped together around 
1.5 mm gel spacers. The spacers were made by cutting an island from a layer of hydro gel 
(Silicones Inc, North Carolina). The ferrofluid has a dynamic viscosity of 6 cPoise, 
density of 1.21 gm/ml and initial magnetic susceptibility of 1.7. The Reynolds number 
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under these conditions was on the order of 10-3. Although higher ferrofluid concentration 
can improve the manipulation method, in order to enhance the optical observation of the 
glass beads for tracking the beads, we diluted the ferrofluid (dilution ratio 1:5) using 
light-mineral oil of kinematic viscosity not more than 33.2 cSt. This entire system is 
placed on top of the axially magnetized NdFe ring magnet of dimensions 1" outer 
diameter, 1/2" inner diameter, and 1/4" thickness. The ring magnet creates an anti-
gravitational force (perpendicular field) within the ferrofluid making the non-magnetic 
glass beads “float” in the fluid. A visible light source is placed in the center of the 
permanent magnet ring in order to permit dark field imaging of the beads. The 
perpendicular field component from the permanent magnet is responsible for repulsive 
forces that keep the beads separated from each other and away from the top and bottom 
glass slides. This perpendicular field component is held constant throughout the 
experiment. This repulsion from the glass slides occurs due to the negative susceptibility 
difference at the ferrofluid/glass interface, which, in the presence of the perpendicular 
field, results in effective image dipoles magnetized oppositely to the real beads [90]. The 
ability of the beads to remain stably suspended in the focal plane of the microscope is the 
primary reason for using this type of experimental set up. Magnetic beads could not be 
suspended in a non-magnetic fluid in the same fashion, as is well-known from the 
classical Earnshaw theorem [91].  
The magnetic interaction force between the beads is modulated by varying the 
direction and magnitude of the in-plane component of the external uniform field. The 
uniform magnetic field whose direction and magnitude could be varied dynamically was 
created using two Kepco bipolar operational power supplies/ amplifiers attached to 
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solenoids coils with iron cores. The coils were same as before, i.e. 2.8 cm inner diameter 
and 550 turns (purchased from Fisher Scientific).  The in-plane field produces two force 
components on each bead: one perpendicular to the line between the bead’s centers and 
one parallel to the center line. These two force components cause the beads to move in a 
synchronized fashion along the in-plane trajectories which results in the locomotion of 
the bead pair. The fields were controlled using LABVIEW data acquisition software. We 
assume that Brownian motion is not present (i.e. extremely small, such that it is 
neglected) at the beads sizes we operate. Rotating fields in the range of 300-320 G at 0.2 
Hz and a constant bias field of 70 G were applied to move the two beads. The 
perpendicular field was in the range of 100-120 G. The beads were of diameters 1 mm 
and 0.7 mm. Figure 4-12 illustrates the experimental set-up. 
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Figure 4-12: A) Illustration of the experimental set-up used for the demonstration of 
swimming. (B) Experimental hardware system of the illustration in (A). The inset 
depicts the two glass beads suspended in ferrofluid. Electromagnets were arranged 
to produce magnetic field in two orthogonal directions. A mixture of ferrofluid and 
non-magnetic glass beads is placed in a cell, and the motion of the beads was 
observed through a camera. 
 
4.4.2 Image Acquisition, Processing and Calibration 
The experimental set-up was observed with an optical system which included a 30 
frames-per-second, 640 by 480 a monochrome firewire camera (Basler A601F). The 
CCD pixel size is 9.2 μm x 9.2 μm, which corresponds to an image pixel size of 66 μm x 
66 μm. This new camera was more robust and could be easily controllable by a variety of 
commercially available image-processing software. Further, the monochromacity reduces 
the programming overhead of conversion from RGB to grayscale while image 
processing. Also, along with a faster image processing software like NI IMAQ vision, 
this camera (frames-per-second can be increased to 60) can be used for real-time tracking 
and feedback. 
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The image acquisition is performed using the NI IMAQ vision (an add-on 
package) provided with LabVIEW. Calibration of the camera is performed before image 
processing. Calibrating of the imaging setup is important when we need to make accurate 
measurements in real-world units. An image contains information in the form of pixels. 
Spatial calibration is the process of computing pixel to real-world unit transformations 
while accounting for many errors inherent to the imaging setup. This conversion is easy if 
you know a conversion ratio between pixels and real-world units. For example, if one 
pixel equals one inch, a length measurement of 10 pixels equals 10 inches. This 
conversion may not be straightforward because perspective projection and lens distortion 
affect the measurement in pixels. Calibration accounts for possible errors by constructing 
mappings that you can use to convert between pixel and real world units.  
To calibrate an imaging setup, the calibration software of LabVIEW’s vision 
toolkit uses a set of known mappings between points in the image and their 
corresponding locations in the real world. The calibration software uses these known 
mappings to compute the pixel to real-world mapping for the entire image. The resulting 
calibration information is valid only for the imaging setup that you used to create the 
mapping. Any change in the imaging setup that violates the mapping information 
compromises the accuracy of the calibration information. The calibration software 
requires a list of known pixel to real-world mappings to compute calibration information 
for the entire image. The spatial calibration process can be summed as follows;  
A grid of dots similar to the one shown in Figure 4-13 is imaged. Known values 
of dx  (1 cm) and dy (1 cm) spacing between the dots are inputted in real-world units. The 
calibration software uses the image of the grid, and the spacing between the dots in the 
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grid to generate the list of pixel to real-world mappings required for the calibration 
process. 
 
Figure 4-13: Spatial calibration set-up 
 
The calibration process uses the list of pixel to real-world mappings and a user-
defined algorithm to create a mapping for the entire image. This process reduces any 
perspective imaging and distortion errors. These calibrations can be performed in the NI 
Vision Development Module. Once the system has been calibrated, we acquire and 
process images. The image processing technique is a combination of an algorithm that 
finds the two beads in an image frame and an algorithm that tracks the positions of the 
two beads. The steps of bead-tracking algorithm as seen in Figures 4-14A-D are 
described below: 
• Images are captured using the image acquisition toolkit of LabVIEW. These 
images are converted to grey scale. 
• The grey scaled images are cropped using an image mask. This step avoids 
unnecessary processing and helps to focus the processing on region of interest in 
the image. 
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• The cropped grey scaled images are then converted to binary by comparing with a 
threshold to extract areas that correspond to the beads in the image and to focus 
analysis on these areas.  
• The thresholded images are then filtered to remove any noise. 
• Centroid of each bead is obtained using a built-in LabVIEW center of mass 
function (the x ( cx ) and y ( cy ) coordinates of the center of mass is given as; 
A
y
y
A
x
x cc
∑∑
== ,  where A is the area). 
The entire software was run a PC (Pentium 4, 2 GHz, 512 Mb RAM). The method finds 
the position of both the beads in the field of view in less than 200 msec. This speed is 
faster than the previous case because we not using additional programming overhead 
found in MATLAB. 
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Figure 4-14: Steps of image processing. (A) Grey scale image of two glass beads 
suspended in ferrofluid. Red square depicts the region of interest. (B) Inset depicts 
the cropped image. (C) Grayscale image is converted to binary using a threshold. 
(D) Red dots represent centroids of both the beads. Beads are labeled as 1 and 2. 
 
4.4.3 Limitation of Image Processing 
In order to measure the tracking ability of our imaging system, we observe motion 
of a single bead under no field conditions, except for the perpendicular field established 
by the permanent ring magnet.  Such an experiment allows for the tracking of Brownian 
motion. In this experiment, we imaged the bead every second for one hour (3600 data 
points) and image processing was performed as described above.  The total number of 
white pixels, representing the image of the bead in each snapshot, is 92+1.  From this 
area, the center of mass is calculated, from which the movement of the bead is measured.  
With the +1 pixel tolerance in the area, we calculate the bead position to be +2.5μm, 
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which we consider to be the noise of the system.  With this noise tolerance, we next try to 
determine if Brownian motion can be detected in our system.   
The velocities of particles suspended in a fluid due to collisions with molecules 
obey a random, irregular motion. This motion was discovered by Brown [92] and relates 
the mean squared displacement to the particle’s diffusivity, which is assumed to be 
related to the particle’s mobility through the Einstein relation [93]. The mean squared 
displacement in two dimensions can be estimated as:  
 Dtr 42 =      (4.1) 
where, the diffusion coefficient 
a
TkD B
πη6
= ,  Bk  is the Boltzmann’s constant, T is 
temperature, t is the time, a is the radius of the sphere, and η  is the dynamic viscosity. 
Figure 4-15 shows a comparison of the simulated and experimental time averaged value 
of mean squared displacement.  To find the experimental time average value, we use: 
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2 )()( yyxxr −+−= , 0x  and 0y  are the coordinates of the center of mass of 
the bead for first frame and Nf  is the number of frames.    
As seen in Figure 4-15, at the beginning of the graph, there is a mismatch in the 
experimental and simulated mean squared displacement. We believe this difference is due 
to the image processing limitation (noise tolerance) described above. In the second half of 
the diagram, the experimental data seems to fit the theoretical prediction, however with a 
slightly different slope. We believe that the permanent magnet at the bottom of the glass 
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slides providing a constant perpendicular field leads to a constrained Brownian motion 
which explains this difference.   
 
 
Figure 4-15: Comparison of theoretical and experimental Brownian motion of the 
center of reaction 
 
4.4.4 Challenges with Ferrofluid 
Although ferrofluid provides solutions to the removal of the float and the support 
threads seen in our previous experimental set-up, it has its own set of challenges. A 
ferrofluid is a stable suspension of nano-order size magnetic particles [94]. In the absence 
of a magnetic field, the magnetic moments of the particles are randomly distributed and 
the fluid has no net magnetization [95]. When a magnetic field is applied to a ferrofluid, 
the magnetic moments of the particles orient along the field lines almost instantly. The 
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magnetization of the ferrofluid therefore responds immediately to the changes in the 
applied magnetic field and when the applied field is removed, the moments randomize 
quickly. When the non-magnetic beads are placed in a ferrofluid, they experience 
magnetic forces in the presence of an external field due to the difference in their magnetic 
susceptibility with the fluid [96]. In principle, these forces could be due to:  
• The gradient of the external field. 
• The magnetic interaction with the other bead. 
• The magnetic interaction with the ferrofluid supporting glass slides.  
Movement of the beads due to the external field gradients are construed as 
gradient-based locomotion. In a rotational field the whole fluid responds by rotating in 
the direction of the field. This movement of the fluid induces a drift on the non-magnetic 
glass beads. Indeed, such ferrofluid drift flow is well-documented [96], occurring due to 
the torque on individual magnetic nanoparticles and their resulting rotation which is 
transferred to the fluid. This drift flow also makes the beads move. The motion due to 
bead-to-bead interactions and bead-to-fluid is termed as swimming. Hence the total 
motion of the beads can be attributed to three factors, namely gradients, drift, and 
swimming. In our experiments, a uniform external field is employed to avoid movement 
due to gradients. To test the uniformity of the external field, we make sure that the bead 
pairs experience no net movement when the external field is held constant. Uniform 
fields are applied both in the plane of the glass slides, as well as perpendicularly. 
Although this takes care of the gradients, we still have fluid induced drift motion. In the 
next section, we will describe the experimental plan we developed in order to separate 
effects of drift from that of swimming. 
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4.4.5 Implementation and Results 
Due to these inherent challenges caused to drift in ferrofluid, we implement the 
experiments in the following way. We know that as per our theoretical model, swimming 
is the net displacement of Rc while the relative distance R remains bounded. So instead of 
analyzing the motion point-by-point, we measure the bounds of R and compare it with 
the magnitude of Rc. If we can maintain bounded-ness of the beads as well as get 
displacement of the system as a whole, we claim there is locomotion. The preliminary 
experiments can be summed in the following steps: 
• Several experiments with two different sized (diameters of 1 mm and 0.7 mm) 
beads with fields applied in counter-clockwise direction were performed. Care is 
taken to ensure that the relative distance between the beads and their starting 
position is approximately the same in all experiments. The movement of the beads 
was observed and recorded. Figure 4-16 shows snapshots of bead movement an 
experiment at different time instants starting from t1 to t5. 
 
 
Figure 4-16: Five snapshot images (t1, t2, t3, t4 and t5 are 1, 2, 3, 4 and 6 seconds 
respectively) of two different sized beads (1 mm and 0.7 mm) suspended in 
ferrofluid as a rotational field is applied. The beads rotate in counter-clockwise 
direction. 
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• The same procedure is repeated for same sized beads (diameters of 1 mm), 
measuring the magnitude of displacement of Rc in all the trials as seen in Figure 
4-17. 
 
Figure 4-17: Four snapshot images (t1, t2, t3, and t4 are 32.2, 46.2, 58.8 and 70 
seconds respectively) of two same sized beads (1 mm) suspended in ferrofluid as a 
rotational field is applied. The beads rotate in counter-clockwise direction. 
 
• From these measurements in each case (different sized beads and same sized 
beads), the highest and lowest displacement values were filtered and removed. 
This filtering was done in order to obtain a good approximation/average of the 
system behavior and remove all outlying cases. The magnitude of Rc for each 
experiment is plotted in the form of a bar diagram as seen in Figure 4-18. 
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Figure 4-18: A) Bars 1 to 5 represent the displacement of Rc for experimental trials 
with different size beads, whereas 6-10 represent trials with same size beads. B) This 
figure illustrates different sized beads rotating in counter-clockwise direction. C) 
This figure illustrates same sized beads rotating in counter-clockwise direction. 
 
• The final 10 displacement samples (5 for different sized beads and 5 for same 
sized beads) were averaged. The average net displacement in case of different 
sized beads and the same sized beads for 14 field cycles is plotted in Figure 4-19. 
This Rc includes displacement due drift as well as due to swimming. 
 117
 
Figure 4-19: A) Average of total displacement of center of reaction for non-identical 
(different sized) and identical (same sized) beads rotating in counter-clockwise 
direction. First bar represents displacement magnitude for non-identical (different 
sized) beads whereas second bar represents identical (same sized) beads. 
 
From Figure 4-19, we can see that the displacement for Rc was 1.1 mm for 
different sized beads and 0.78 mm for same sized beads. This implies that in the case of 
different sized beads, the displacement for Rc is bigger than that of same sized beads.  
In order to test the system again with a different set of experiments (which we call 
Set 2A and Set 2B), the same fields, this time in a different direction (clockwise), are 
applied to the same pair of beads. Set 2A are for different sized beads (1mm and 0.7 mm) 
and Set 2B are for the same sized beads. Bead movement was once again observed and 
recorded. Several experiments were performed for each bead set and the magnitude of Rc 
for each experiment is plotted in the form of a bar diagram (see Figure 4-20A).  
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Figure 4-20: A) Bars 1 to 5 represent the displacement of Rc for experimental trials 
with different size beads, whereas 6-10 represent trials with same size beads. B) This 
figure illustrates different sized beads rotating in clockwise direction. C) This figure 
illustrates same sized beads rotating in clockwise direction. 
 
Figure 4-20A also shows the Rc plot in the form of a bar diagram for same sized 
beads, where the first 5 bars represent Rc for different sized beads and the next 5 
represent Rc for same sized beads. Recall that, each bar includes displacement due to 
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swimming and drift. The average of the displacement of Rc for both the above sets (2A 
and 2B) are plotted as shown in Figure 4-21. This Rc includes displacement due drift as 
well as due to swimming. We observe a similar observation like for set 1A and set 1B, as 
seen in Figure 4-19.  
 
Figure 4-21: A) Average of total displacement of center of reaction for different 
sized and same sized beads rotating in clockwise direction. First bar represents 
displacement magnitude for non-identical (different sized) beads whereas second 
bar represents identical (same sized) beads. 
 
We see that on an average, the amount of displacement for Rc in the case where 
there are different size beads is more than that of same size beads. This implies that there 
exists an additional motion in the presence of different size beads. This can be attributed 
to the interactions between different sized beads. Due to the non-identical nature, there is 
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an asymmetry in their motion wherein one bead moves more than the other which leads 
to the additional motion. This extra motion can be termed swimming. 
Next, we plotted the same set of experiments for short (5 cycles) and long 
duration (28 cycles) as shown in Figure 4-22 and followed the same steps as before. This 
was performed to confirm that the swimming motion increases with time.  
 
Figure 4-22: Resultant magnitude of center of reaction displacement after 
subtraction by drift for different sized and same sized beads for three different time 
duration (5 field cycles, 14 field cycles and 28 field cycles). Pink bars represent 
displacement for Set 1 whereas gray bars represent Set 2. Set 1 corresponds to 
beads rotating in counter-clockwise direction whereas Set 2 represents beads 
rotating in clockwise direction. For every time duration (5, 14 and 28 field cycles), 
there are four bars. First two correspond to non-identical beads whereas next two 
correspond to identical beads. 
 
In Figure 4-22, Set 1A (counter clockwise fields, different sized beads) and 1B 
(counter clockwise fields, same sized beads) are plotted in pink bars whereas Set 2A 
(clockwise fields, different sized beads) and 2B (clockwise fields, same sized beads) are 
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plotted in gray bars. We observe that as the time duration increase from 5 cycles to 28 
cycles, we see that the net displacement also increases in magnitude. Notice that, as the 
number of field cycles increase, the difference between the net displacements of non-
identical and identical beads for each set also increase. Thus, we can conclude that the net 
displacement for different sized beads is more than that for the same sized beads for same 
field profiles. In order to calculate the drift effect and separate it from swimming, we next 
perform drift analysis, as explained in the following section.  
 
4.5. Drift Analysis 
From the theoretical model we developed, we know that same sized beads of 
same material can not swim (from section 3.5) due to the bead symmetry. Therefore, if 
there is any significant displacement experienced due by same sized beads, then it is due 
to fluid flow/drift. Different sized beads will experience drift movement as well as 
interaction induced movement of swimming. Hence, in order to calculate drift effects, we 
need to separate the interaction effects from drift effects. In order to analyze the effects of 
drift, we followed the procedure described below. Once we know the motion caused by 
drift, we can subtract it from the total displacement and obtain net displacement only due 
to interactions. The steps we perform to analyze drift are: 
 
• The first bead is suspended separately into the fluid in R1‘s position (as seen in 
Figure 4-23A) and same field (counter-clockwise direction) as before is applied.  
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Figure 4-23: A) Single bead at location of R1 rotating in counter-clockwise direction. 
B) Single bead at location R2 rotating in counter-clockwise direction. 
 
• Next, the first bead is removed and put the second bead in R2‘s position. The 
same magnetic field was applied as seen in Figure 4-23B. 
• From these two experiments, Rc is calculated by taking the average of R1 and R2. 
Now, the movement of this manufactured Rc is solely due to drift as there are no 
interactions since the experiments were performed with a single bead suspended 
in the fluid. 
• The same steps for clockwise fields (as seen in Figure 4-24) were performed in 
order to obtain displacement due to drift for set 2A and 2B.  
 
 
Figure 4-24: A) Single bead at location of R1 rotating in clockwise direction. B) 
Single bead at location R2 rotating in clockwise direction. 
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• The manufactured Rc for each combination was subtracted from the Rc 
obtained from Set 1A, 1B and set 2A, 2B. The resultant magnitude of center 
of reaction motion is plotted in Figure 4-24. It shows displacement for three 
different time durations. The pink bars represent displacement of Rc for non-
identical (different) sized beads for set 1A and set 1B. The grey bars represent 
displacement of Rc for non-identical (different) sized beads for set 2A and set 
2B. This step removes the effect of drift and results in the net displacement 
solely due to swimming.  
 
Figure 4-25: Resultant magnitude of center of reaction displacement after 
subtraction of drift for different sized and same sized beads for three different time 
duration (5 field cycles, 14 field cycles and 28 field cycles). Pink bars represent 
displacement for Set 1 whereas gray bars represent Set 2. Set 1 corresponds to 
beads rotating in counter-clockwise direction whereas Set 2 corresponds to beads 
rotating in clockwise direction. For every time duration (5, 14 and 28), there are 
four bars. First two correspond to non-identical beads whereas next two represent 
identical beads. 
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As the time duration increases from 5 field cycles to 28 field cycles (as seen in 
Figure 4-25), the net displacement of center of reaction for non-identical beads increases 
monotonically whereas for identical beads, it does not vary.  
 
Figure 4-26: A) Total displacement of center of reaction after drift removal for 
different sized and same sized beads and counter-clockwise fields for increasing 
time durations (from 5 field cycles to 28 field cycles). B) The inset depicts the bounds 
of the relative distance of the two beads. C) The inset depicts magnetic field profiles 
in x and y direction. The rotating uniform fields were approximately 300 G at 0.2 
Hz and the constant uniform field was 70 G. The perpendicular field component 
was approximately 100 G. 
 
Figure 4-26A also shows a plot of the displacements for a set of beads under the 
influence of a counter-clockwise field (as shown in Figure 4-26C). From the plot, it is 
seen that for identical beads, the center of reaction displacement is miniscule (on the 
order of 30 μm ) whereas for non-identical beads, the displacement is quite high (on the 
order of 0.7 mm). Also, note that the relative distance of the beads remains bounded as 
seen in the Figure 4-26B. This result is in unison with our model which predicts that there 
can be swimming for non-identical beads and no swimming for identical beads.  
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4.5. Reciprocal Motion 
To further demonstrate that the behavior of the bead pair is in approximate 
agreement with the model, reciprocal relative movement of the beads (as seen in Figure 
4-27) was created by periodically turning on and off a constant uniform magnetic field 
with a magnitude of 200 G. When the field was turned on, the beads moved slowly 
toward each other.  
 
Figure 4-27:  Two non-magnetic glass beads of different sizes placed in a magnetic 
fluid showing reciprocal motion 
 
When it was turned off, the beads moved apart due to repulsion induced by the presence 
of the fixed permanent magnet’s perpendicular field. As expected, no drift flow of the 
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ferrofluid was observed for such field variation and no net movement of the bead pair 
was observed after many cycles. 
 
Figure 4-28: Trajectory of center of reaction of the system. Diamond marker 
represents start point and square marker represents end point.  
 
The net displacement of the center was in the order of 30 μm after 20 field cycles 
as seen in Figure 4-28. This small net displacement could be due to unequal attraction 
and repulsion forces. But this displacement is similar to that of the same sized bead case 
(non-swimming). Hence, we can conclude that there was no significant locomotion in a 
reciprocal motion case.  
 
4.6. Comparison of Experimental Results and Theoretical Model 
In order to compare the theoretical model and the relative distance experimental 
experiments results, we subtracted the values for beads placed together from beads 
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suspended separately to obtain a new relative distance trajectory. The flow diagram 
shown in Figure 4-29 explains the process of theoretical and experimental comparison. 
 
Figure 4-29: Flow diagram showing comparison of theoretical model and 
experimental results 
 
This resultant relative distance data is used as an input to the model. 
Corresponding center of reaction trajectory is obtained. Meanwhile, experimental center 
of reaction is calculated by subtracting the values of center of reaction experimental data 
for beads placed together from beads suspended separately.  
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The resultant center of reaction from experiment and model are compared as 
shown in Figure 4-30. We observe that the center of reaction from the model matches 
closely with the experiment in terms of direction and magnitude. Mismatches in the 
model and experiment can be attributed to the approximations in the model. We assumed 
the beads to be point mass dipole, and the fluid to be an ideal one, whereas in reality, the 
beads are rotating spheres and the fluid is not an ideal Newtonian fluid. Further, we 
neglected the hydrodynamic interactions of the fluid with the glass plates and we 
assumed a simplified description for hydrodynamic interactions.  
 
Figure 4-30: A) Experimental Vs Theoretical center of reaction trajectory. Solid line 
indicates theoretical center of reaction trajectory while dotted line indicates 
experimental center of reaction trajectory. Circular marker represents start point, 
square and triangular markers represent end points. 
 
The locomotion direction is not uniquely dependent on the direction of the 
constant and rotating field components. Roughly speaking, these fields determine the line 
along which the pair swims. The swimming direction is coincident with the average 
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magnetic interaction force on the smaller bead and, therefore, depends on the initial 
relative position of the beads. In a way, the smaller bead acts as the main part of the 
system motor, providing the push to move the bead pair. The larger bead plays the role of 
the attractor, which does not let the smaller bead to get too far away.  
 
4.6. Discussion and Conclusion 
In this section, I would like to summarize the key experimental observations, 
challenges and results and present the key takeaways. As seen in the previous section, we 
have built several experimental set-ups in order to investigate locomotion of magnetic 
objects in fluids. Broadly, these set-ups can be divided into two classes; first, 
combination of magnetic beads and non-magnetic fluid, and second, combination of non-
magnetic glass beads and magnetic fluid (ferrofluid).  
In each class, we implemented different experimental designs to see which ones 
were favorable. The first design consisted of a pair of magnetic beads suspended freely in 
glycerin. As demonstrated above, we found that such a system is not controllable, 
because the beads sink to the surface and stick to each other. We also observed that 
glycerin was not a good fluid medium, because its viscosity decreases over time.  
Moving on to the next design, we took same pair of non-identical beads but 
attached them to a fixed support with a gold wire. This design was also not favorable 
because the beads did not have a net displacement after a periodic cycle. The reason was 
that the wires used to suspend the beads provided the restoring force to bring the beads 
back to their original initial position. 
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Next, we took same two beads from the previous design, but in the third design, 
we attached them to a movable Styrofoam float using gold wires. We also attached the 
two beads using a wire stent. We did this in order to prevent the beads from sticking to 
each other. The float was an enhancement to the design as it prevented the beads from 
sinking. Also, we used a higher viscosity fluid (silicone oil) to ensure that the beads 
moved slowly in order to emulate low Reynolds number flows. In this design, we found 
that this system had a net displacement over a periodic cycle while the beads remained 
bounded. Although, we obtained swimming in this design, the net displacement obtained 
can be attributed to the combined efforts of the threads, beads and the float. Future 
investigations can be done in order to update the model to include effects from the 
movable float and the threads. Another option is to build a magnetic system which 
remains afloat without any additional hardware. A heavier fluid like mercury with lighter 
magnetic beads may be a good combination for further investigations. 
In the final design, we choose glass beads and ferrofluid as our experimental 
vehicle. Using a permanent magnet, we were able to keep the beads afloat. The 
challenges in this set-up were the movement due to fluid induced drift. In order to cancel 
the effects of the drift, we had to perform additional drift cancellation experiments. These 
additional experiments included placing individual beads separately in the fluid and 
applying magnetic field. The resultant movement of the beads is only due to fluid drift. 
By analyzing drift in this manner and removing the effects of drift, we found that two 
identical beads do not swim whereas non-identical beads do swim. Further, we also 
demonstrated that reciprocal motion does not lead in swimming.  
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 The experimental results that we obtained the ferrofluid-glass bead combination 
design were qualitatively consistent with the theoretical predictions from our model. To 
gain further insight, we compared the theoretical model with the experimental results. For 
this purpose, the experimentally measured relative position trajectories of the beads were 
used as the input to the model, while the trajectory of the pair center was calculated using 
equation. Although, there was not an exact point-to-point match between the 
experimental and simulated trajectories as seen in the previous section, we can conclude 
that the model clearly provides a good estimate, not only for the magnitude of the 
locomotion, but also its direction. Mismatch between the model and experimental results 
can be attributed to assumptions in the model that the beads do not rotate and simplified 
expressions for hydrodynamic interactions and bead drag from the glass plates. Future 
work includes updating the model to include non-Newtonian fluids like visco-elastic gels 
and taking into account the spherical nature of the beads. 
 
 
 
 
 
 
 
 
 
 
 132
5. Summary   
 
In this thesis, we have explored various aspects of locomotion of magnetic beads 
in fluids. The work began with a gradient-based model of a two identical bead system 
with no hydro-dynamic interactions, and we determined the controllability of this system. 
In a remarkable result, we found that magnetic interactions between the beads are 
favorable for control. This means that hydrodynamic interactions should not be ignored 
in equations of motion because interactions provide the required force for obtaining 
control. Hence, we incorporated hydrodynamic interactions into our model. With this 
new model, we were able to obtain global controllability of our system. Once we had our 
globally controllable model in place, we designed a two-bead system which can swim. 
We went on to illustrate various swimming profiles using computer simulations. We also 
described various conditions under which swimming may occur.  
Next, we experimentally demonstrated that a pair of spherical beads that are not 
connected mechanically can swim when they move relative to each other in a certain 
synchronized fashion. In a sense, such a pair of free beads can be viewed as the simplest 
form of a swimming swarm. Moreover, we show that the beads can swim even when 
their relative motion is without a well-defined period and is not supervised. We divided 
the experiment into two broad categories;  
• Magnetic beads in a non-magnetic fluid  
• Nonmagnetic beads in a magnetic fluid 
For each of the categories above, we implemented several design strategies. Each design 
had its own set of merits and demerits. We were able to show experimentally that in we 
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can obtain swimming in different scenarios. Further, we compared the experimental 
results with theoretical model and found a qualitative match between them. We also 
found that our model predicts the direction and magnitude of swimming to a great extent. 
This experimental result is inspiring in the way that it warrants a search for 
miniature man-made mechanical device that can mimic tiny living creatures that can 
propel themselves through fluid. The two-bead system with a float can be viewed as a 
potential application for drug transport. Other applications include roaming 
environmental sensors, minimally invasive micro-surgeries, and bio-separation as seen in 
Figure 5-1.  
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Figure 5-1 Potential applications of a bead-pair system in biomedicine. A) 
Minimally invasive surgery in the brain. B) Minimally invasive drug transport in 
human eye. C) Magnetic separation D) Gene therapy. E) Two-bead 
magnetorheology 
 
5.1. Future Outlook 
Although, we were able to show that the local controllability theory we developed 
is applicable to a two-bead system, it is not yet clear whether this controllability theory 
can be extended to more than two particles. However, since the source of the enhanced 
local controllability has been demonstrated to be the magnetic interactions amongst the 
beads, we expect our results to generalize for a large number of beads. Future research 
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and investigation is needed to extend this theory to more than two beads. 
Further, in the swimming model we developed, we did not include the shape of 
the beads, and any other non-uniformity in the beads. The hydrodynamic interactions 
with the glass plates were ignored. Hence, the model can be extended to include a 
complete description of hydrodynamic interactions along with adding rotation effects of 
the beads. Also, the behavior the beads in a non-Newtonian fluid (e.g. viscoelastic gel) 
can be investigated. We have provided an example of swimming motion in this thesis, but 
one can envision other swimming profiles based on any optimization criteria like 
minimum power dissipation or maximum efficiency or maximum speed. Optimization of 
the displacement equation can be investigated in order to find the optimal swimming 
stroke.  
On the experimental side, although we have been able to show swimming, in 
order to effectively convert this experimental hardware into a complete product, we will 
have to add additional intelligence to the system. This intelligence can include feedback 
along-with the existing open-loop control in order to navigate them perfectly in a desired 
fashion. Also, the image processing technique needs to be improved to remove the 
limitation of the technique used in this thesis. This will help obtain better tracking when 
imaging sub-micron size particles. 
On a final note, we also suggest using beads of same sizes but with different 
magnetic properties; for example a soft and a hard magnet. This way there will be 
asymmetry in the bead properties which is an essential element to obtain swimming. 
Also, the beads sizes can be reduced to micron and nanometers scales and their behavior 
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can be investigated. In this case, the model will have to include Brownian motion and 
other effects which come into play at the scale. 
5.2. Dissertation Contributions 
We divide the dissertation contributions in two broad categories: theoretical and 
experimental. In each category, there were remarkable results which provide the 
framework for controlled locomotion of magnetic objects in fluids.  
 
5.2.1 Theoretical Contributions 
• We are the first group to determine local controllability of a conventional state-of-
the-art gradient based two-bead magnetic manipulation system. In order to do so, 
we modeled the non-linear system analytically, locally linearized the system and 
tested the controllability at its equilibrium points. By analyzing the derived 
controllability map, we concluded that magnetic interactions between the beads 
and gradients help to obtain control. We showed that in principle this system of 6 
degrees of freedom (positions of the beads) can be locally controlled by only 3 
inputs (magnetic field components) [59, 60]. 
• We developed the theoretical locomotion model for a non-gradient based 2-bead 
magnetic locomotion system using only interactions (both magnetic and 
hydrodynamic) and demonstrated several swimming examples using simulation. 
• We are the first group to demonstrate that this unattached two-bead magnetic 
locomotion system is globally controllable. This means that theoretically, there 
exists an input force input which will result in a desired motion of the beads. This 
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is a remarkable result, because it shows that now, you can globally control twice 
the number of outputs using a single number of inputs. 
5.2.2 Experimental Contributions 
• We constructed multiple experimental test-beds in order to investigate locomotion 
of magnetic objects in fluids. These experimental set-ups can be divided into two 
classes: first, the combination of magnetic beads and non-magnetic fluid, and 
second, the combination of non-magnetic glass beads and magnetic fluid 
(ferrofluid).  
• We are the first group to show experimentally that a system of two unattached 
beads of different diameters can indeed swim in a uniform magnetic field. The 
experimental results that we obtained were qualitatively consistent with the 
predictions of our theoretical model.  
 
In summary, we have demonstrated that the locomotion of a pair of beads freely 
suspended in fluid is possible if their relative motion can be coordinated. We show that 
this motion can be coordinated using a uniform magnetic field. Moreover, we have 
demonstrated that the pair can swim even when the relative motion of the beads is 
without a well-defined period and is not supervised through feedback. This system can be 
regarded as a forerunner for a simple mechanical swimming device with the smallest 
number of links. We believe that larger mechanical swimmers, consisting of many beads, 
can be constructed to mimic this behavior.  However, this requires proof through 
additional work.  
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